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Background and our objective

Deriving the EIF with automatic differentiation

Implementing an estimator through probabilistic programming

Examples and experiments

Discussion
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Background

Long history of constructing semiparametric efficient estimators

(Levit, 1975; Hasminskii et al., 1979; Bickel, Klaassen, et al., 1993)

Many methods allow flexible estimation of nuisances:

One-step estimation (Pfanzagl, 1982)

Estimating equations (Newey, 1994)

Targeted learning (van der Laan et al., 2006)

Double/debiased machine learning (Chernozhukov et al., 2017)
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One-step estimation (Le Cam, 1956; Pfanzagl, 1982)

One-step estimation often used to construct efficient estimators:

initial estimator + debiasing term
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One-step estimation (Le Cam, 1956; Pfanzagl, 1982)

One-step estimation often used to construct efficient estimators:

initial estimator + debiasing term

In parametric models: update β̂ with one step of Newton’s method, yielding

β̂ +
1

n

n∑
i=1

I−1

β̂
ℓ̇β̂(Zi )
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One-step estimation (Le Cam, 1956; Pfanzagl, 1982)

One-step estimation often used to construct efficient estimators:

initial estimator + debiasing term

In parametric models: update β̂ with one step of Newton’s method, yielding

β̂ +
1

n

n∑
i=1

I−1

β̂
ℓ̇β̂(Zi )

Key object for debiasing: the efficient influence function (EIF)
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One-step estimation (Le Cam, 1956; Pfanzagl, 1982)

One-step estimation often used to construct efficient estimators:

initial estimator + debiasing term

In infinite-dimensional models: a similar approach works, but must:

Construct initial estimator more flexibly

Use a semiparametric or nonparametric EIF

ψ(P̂) +
1

n

n∑
i=1

f̂ (Zi )
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Running example: nonparametric R2 (Wright, 1921; Williamson et al., 2021)

Observe n iid draws of (X ,Y ) ∼ P

X : Feature

Y : Outcome

Aim to estimate nonparametric R2 criterion:

ψ(P) = 1−
∫
{y − EP(Y |X = x)}2 dP(x , y)

VarP(Y )

Even though the parameter is simple, computing the EIF is tedious!
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Even though the parameter is simple, computing the EIF is tedious!

Williamson et al. (2021)

Supporting Information for

“Nonparametric variable importance assessment

using machine learning techniques”

Brian D. Williamson∗†, Peter B. Gilbert‡†, Marco Carone† and Noah Simon†

1 Proof of lemma and theorem

The following proofs rely on a study of the statistical functionals

Θs(P ) :=

∫
{µP (x)− µP,s(x)}2dP (x) and Ψs(P ) :=

Θs(P )

varP (Y )
.

Proof of Lemma 1

For a given distribution P ∈M, we denote by p the density of P with respect to some dominating

measure ν. For bounded h ∈ L2(P ), we can define the parametric submodel pε = (1 + εh)p, which is

valid for small enough ε and has score h for ε at ε = 0. Every regular parametric submodel centered

at P and with score h is either of this form or can be approximated arbitrarily well by a submodel of

this form. Given that the statistical model M considered is nonparametric, and that ϕP,s ∈ L2(P )

with PϕP,s = 0, if we show that for any P ∈M

∂

∂ε
Θs(Pε)

∣∣∣∣
ε=0

=

∫
ϕP,s(o)h(o)dP (o) ,

we will have established that Θs(P ) is pathwise differentiable with respect to M at P with efficient

influence function ϕP,s.

The evaluation of Θs on the distribution Pε corresponding to pε equals

Θs(Pε) =

∫∫
{µPε(x)− µPε,s(x)}2dPε(z) =

∫∫
αP,s,ε(x)dPε(z)

=

∫∫
αP,s,ε(x){1 + εh(x, y)}p(x, y)ν(dx, dy)
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=

∫∫
αP,s,ε(x)p(x, y)ν(dx, dy) + ε

∫∫
αP,s,ε(x)h(x, y)p(x, y)ν(dx, dy) ,

where αP,s,ε(x) := {µPε,s(x)− µPε(x)}2, and so,

∂

∂ε
Θs(Pε)

∣∣∣∣
ε=0

=

∫∫
∂

∂ε
αP,s,ε(x)

∣∣∣∣
ε=0

p(x, y)ν(dx, dy) +

∫∫
αP,s(x)h(x, y)p(x, y)ν(dx, dy) ,

where αP,s = αP,s,ε|ε=0. With a slight abuse of notation, we can write αP,s,ε(x) as

αP,s,ε(x) =

[∫
y{1 + εh(x, y)}p(x, y)ν(dy)∫
{1 + εh(x, y)}p(x, y)ν(dy)

−
∫∫

y{1 + εh(x, y)}p(x, y)ν(dxs, dy)∫∫
{1 + εh(x, y)}p(x, y)ν(dxs, dy)

]2

and so, we find that ∂
∂εαP,s,ε(x)

∣∣
ε=0

equals

2{µP (x)− µP,s(x)}
[∫ {y − µP (x)}h(x, y)p(x, y)ν(dy)∫

p(x, y)ν(dy)
−
∫∫
{y − µP,s(x)}h(x, y)p(x, y)ν(dxs, dy)∫∫

p(x, y)ν(dxs, dy)

]
.

This allows us to write that

∂

∂ε
Θs(Pε)

∣∣∣∣
ε=0

=

∫∫
[2{µP (x)− µP,s(x)}{y − µP (x)}+ αP,s(x)]h(x, y)p(x, y)ν(dx, dy)

=

∫∫
[2{µP (x)− µP,s(x)}{y − µP (x)}+ αP,s(x)−Θs(P )]h(x, y)p(x, y)ν(dx, dy) .

Because Ψs is the ratio of two parameters, namely Θs and the population outcome variance parameter,

both of which are pathwise differentiable and have known efficient influence functions relative to

nonparametric models, it follows that Ψs is itself pathwise differentiable at each P ∈M. Furthermore,

its efficient influence function can readily be found using the delta method. We will use the fact that

the parameter P 7→ varP (Y ) has nonparametric efficient influence function given by z 7→ ϕ̃P (z) :=

{y −EP (Y )}2 − varP (Y ). It follows then that the nonparametric efficient influence function of Ψs at

P equals

z 7→ ϕ∗P,s(z) =
ϕP,s(z)varP (Y )− ϕ̃P (z)Θs(P )

var2P (Y )
,

which simplifies algebraically to the form provided in the Lemma.

Proof of Theorem 1.

It is straightforward to verify that Θs(P )−Θs(P0) = −
∫
ϕP,s(z)dP0(z) +Rs(P, P0) with

Rs(P, P0) = P0(µP − µP,s)2 − P0(µ0 − µ0,s)2 + 2P0{(µP − µP,s)(µ0 − µP )}

= P0{(µ0,s − µP,s)2 − (µ0 − µP )2} .
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{n(k)}∞k=1 is a subsequence of {n}∞n=1, it will then be reasonable to expect that, when

a sequence of tests is conducted based on n(k) iid observations sampled from each P (k),
the power for rejecting the null hypothesis will converge to β∗ as k →∞.

We now find the expressions for c and n(k) that were described in the last paragraph.
Recalling (S.11) and the alternative expression for the power given below that display,
we see that, when c = σP (z1−α − z1−β∗)/µP,s, it holds that

lim
n→∞

Pcn−1/2

{
0 < ψ̂ − n−1/2z1−ασ̂P

}
= 1− Φ(z1−α − cµP,s/σP ) = β∗.

To find the expression for n(k), we note that, as ψ is pathwise differentiable, ψ(Pcn−1/2) =
cn−1/2µP,s+o(n

−1/2) when n is large — here, the little-oh term describes behavior as n→
∞. Hence, P (k) ≈ Pc/√n(k) , where n(k) = d(cµP,s/ψ(k))2e = dσ2

P (z1−α−z1−β∗)2/(ψ(k))2e.
Thus, to achieve asymptotic power β∗ when sampling n(k) iid observations from P (k),
n(k) must scale proportionally with σ2

P . These calculations also provide a means to
compare the sample sizes needed to achieve the same power based on two different
RAL estimators. In particular, suppose that a second RAL estimator is available and
its asymptotic variance is equal to σ̃2

P ≤ σ2
P . In this case, the proportional reduction

in sample size needed to achieve power β∗ when using this estimator rather than the
estimator with variance σ2

P is approximately equal to 1− σ̃2
P /σ

2
P when k is large. In fact,

σ̃2
P /σ

2
P is often referred to as the relative efficiency of the RAL estimator with variance

σ̃2
P versus the RAL estimator with variance σ2

P , and so this proportional reduction is
exactly equal to one minus the relative efficiency of these two estimators.

S.4. Proofs of results in the case where the outcome is fully observed

S.4.1. Supporting lemmas for proofs in Section ??
Lemma S.4.1 (EIF of mean conditional variance). For a given function uP (·) that can
be written as uP (y) =

∫
h(x, y)dP (x) for some function h, the canonical gradient of

σ2
f = EP [var(uP (Y )|W )] is given by

Df (w, y) = {uP (y)− fP (w)}2 + 2

∫
{uP (ỹ)− fP (w̃)}h(y, ỹ)dP (w̃, ỹ)− 3σ2

f , (S.12)

where f(w) = EP [uP (Y )|W = w].

Proof. We prove this lemma by directly applying the definition of a gradient. We consider
the one-dimensional submodel {Pε : |ε| ≤ 1} with density

pε(w, y) = p(y|w){1 + εs1(y|w)}p(w){1 + εs2(w)},

where the range of s1 and s2 falls in [−1, 1] and these functions satisfy EP [s1(Y |W )|W ] =
0 P -almost surely and EP [s2(W )] = 0. Let fP (w) = EP [uP (Y )|W = w] and fPε(w) =
EPε [uPε(Y )|W = w]. We have that

σ2
f (Pε) =

∫
{uPε(y)− fPε(w)}2 {1 + εs1(y|w)}{1 + εs2(w)}dP (y|w)dP (w)
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=

∫
{uPε(y)− fPε(w)}2 dP (w, y)

+

∫
{uPε(y)− fPε(w)}2 {εs1(y|w) + εs2(w) + ε2s1(y|w)s2(w)}dP (w, y).

The second term on the right has the following derivative with respect to ε at ε = 0
∫
{uP (y)− fP (w)}2 {s1(y|w) + s2(w)}dP (w, y),

and so will contribute {uP (Y ) − fP (W )}2 − σ2
f to the gradient. We now focus on the

first term, which re-writes as

∫ [∫
h(x, y){1 + εs1(x|w)}{1 + εs2(w)}dP (x|w)dP (w)− fPε(w)

]2

dP (w, y)

=

∫ [{∫
h(x, y)dP (w, x)− fPε(w)

}2

+ c(ε)2 + 2c(ε)

{∫
h(x, y)dP (w, x)− fPε(w)

}]
dP,

where c(ε) =
∫
h(x, y){εs1(x|w) + εs2(w) + ε2s1s2}dP (w, x). The first term in the above

display has derivative 0 with respect to ε at ε = 0, as fP is the true conditional mean.
The second term also has derivative 0 at ε = 0, as it is quadratic in ε. At ε = 0, the
third term has derivative

2

∫ ([∫
h(x, y){s1(x|w) + s2(w)}dP (w, x)

] [∫
h(x, y)dP (w, x)− fP (w)

])
dP (w, y)

= 2

∫ ∫ ({∫
h(x, y)dP (w, x)− fP (w)

}
[h(x, y){s1(x|w̃) + s2(w̃)}]

)
dP (w̃, x)dP (w, y)

= 2

∫ [∫
{uP (y)− fP (w)}h(x, y)dP (w, y)

]
{s1(x|w̃) + s2(w̃)}dP (w̃, x).

The inner integral has mean
∫ ∫

{uP (y)− fP (w)}h(x, y)dP (w, y)dP (w̃, x) =

∫
{uP (y)−fP (w)}uP (y)dP (w, y) = σ2

f .

Therefore the following is a gradient:

Df (w, y) = {uP (y)− fP (w)}2 + 2

∫
{uP (ỹ)− fP (w̃)}h(y, ỹ)dP (w̃, ỹ)− 3σ2

f .

Since we are working within a locally nonparametric model, the above is also the canon-
ical gradient.

Lemma S.4.2 (EIF of mean conditional covariance). Consider a locally nonparametric
model of distributions of (W,Y ). For given functions u(·) and v(·), the canonical gradient
of σuv = EP [covP (u(Y ), v(Y )|W )] is

Dcov(w, y) = {u(y)− fu(w)}{v(y)− fv(w)} − σuv, (S.13)

where fu(w) = EP [u(Y )|W = w] and fv(w) = EP [v(Y )|W = w].
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Even though the parameter is simple, computing the EIF is tedious!

Williamson et al. (2021)
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Θs(P ) :=
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.
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For a given distribution P ∈M, we denote by p the density of P with respect to some dominating

measure ν. For bounded h ∈ L2(P ), we can define the parametric submodel pε = (1 + εh)p, which is
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The evaluation of Θs on the distribution Pε corresponding to pε equals

Θs(Pε) =

∫∫
{µPε(x)− µPε,s(x)}2dPε(z) =

∫∫
αP,s,ε(x)dPε(z)

=

∫∫
αP,s,ε(x){1 + εh(x, y)}p(x, y)ν(dx, dy)

∗brianw26@uw.edu
†Department of Biostatistics, University of Washington
‡Vaccine and Infectious Disease Division, Fred Hutchinson Cancer Research Center

1

=

∫∫
αP,s,ε(x)p(x, y)ν(dx, dy) + ε

∫∫
αP,s,ε(x)h(x, y)p(x, y)ν(dx, dy) ,

where αP,s,ε(x) := {µPε,s(x)− µPε(x)}2, and so,

∂

∂ε
Θs(Pε)

∣∣∣∣
ε=0

=

∫∫
∂

∂ε
αP,s,ε(x)

∣∣∣∣
ε=0

p(x, y)ν(dx, dy) +

∫∫
αP,s(x)h(x, y)p(x, y)ν(dx, dy) ,

where αP,s = αP,s,ε|ε=0. With a slight abuse of notation, we can write αP,s,ε(x) as
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y{1 + εh(x, y)}p(x, y)ν(dy)∫
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−
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]2

and so, we find that ∂
∂εαP,s,ε(x)

∣∣
ε=0
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2{µP (x)− µP,s(x)}
[∫ {y − µP (x)}h(x, y)p(x, y)ν(dy)∫
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{y − µP,s(x)}h(x, y)p(x, y)ν(dxs, dy)∫∫

p(x, y)ν(dxs, dy)

]
.

This allows us to write that

∂

∂ε
Θs(Pε)

∣∣∣∣
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Because Ψs is the ratio of two parameters, namely Θs and the population outcome variance parameter,

both of which are pathwise differentiable and have known efficient influence functions relative to

nonparametric models, it follows that Ψs is itself pathwise differentiable at each P ∈M. Furthermore,

its efficient influence function can readily be found using the delta method. We will use the fact that

the parameter P 7→ varP (Y ) has nonparametric efficient influence function given by z 7→ ϕ̃P (z) :=

{y −EP (Y )}2 − varP (Y ). It follows then that the nonparametric efficient influence function of Ψs at

P equals

z 7→ ϕ∗P,s(z) =
ϕP,s(z)varP (Y )− ϕ̃P (z)Θs(P )

var2P (Y )
,

which simplifies algebraically to the form provided in the Lemma.

Proof of Theorem 1.

It is straightforward to verify that Θs(P )−Θs(P0) = −
∫
ϕP,s(z)dP0(z) +Rs(P, P0) with

Rs(P, P0) = P0(µP − µP,s)2 − P0(µ0 − µ0,s)2 + 2P0{(µP − µP,s)(µ0 − µP )}

= P0{(µ0,s − µP,s)2 − (µ0 − µP )2} .
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{n(k)}∞k=1 is a subsequence of {n}∞n=1, it will then be reasonable to expect that, when

a sequence of tests is conducted based on n(k) iid observations sampled from each P (k),
the power for rejecting the null hypothesis will converge to β∗ as k →∞.

We now find the expressions for c and n(k) that were described in the last paragraph.
Recalling (S.11) and the alternative expression for the power given below that display,
we see that, when c = σP (z1−α − z1−β∗)/µP,s, it holds that

lim
n→∞

Pcn−1/2

{
0 < ψ̂ − n−1/2z1−ασ̂P

}
= 1− Φ(z1−α − cµP,s/σP ) = β∗.

To find the expression for n(k), we note that, as ψ is pathwise differentiable, ψ(Pcn−1/2) =
cn−1/2µP,s+o(n

−1/2) when n is large — here, the little-oh term describes behavior as n→
∞. Hence, P (k) ≈ Pc/√n(k) , where n(k) = d(cµP,s/ψ(k))2e = dσ2

P (z1−α−z1−β∗)2/(ψ(k))2e.
Thus, to achieve asymptotic power β∗ when sampling n(k) iid observations from P (k),
n(k) must scale proportionally with σ2

P . These calculations also provide a means to
compare the sample sizes needed to achieve the same power based on two different
RAL estimators. In particular, suppose that a second RAL estimator is available and
its asymptotic variance is equal to σ̃2

P ≤ σ2
P . In this case, the proportional reduction

in sample size needed to achieve power β∗ when using this estimator rather than the
estimator with variance σ2

P is approximately equal to 1− σ̃2
P /σ

2
P when k is large. In fact,

σ̃2
P /σ

2
P is often referred to as the relative efficiency of the RAL estimator with variance

σ̃2
P versus the RAL estimator with variance σ2

P , and so this proportional reduction is
exactly equal to one minus the relative efficiency of these two estimators.

S.4. Proofs of results in the case where the outcome is fully observed

S.4.1. Supporting lemmas for proofs in Section ??
Lemma S.4.1 (EIF of mean conditional variance). For a given function uP (·) that can
be written as uP (y) =

∫
h(x, y)dP (x) for some function h, the canonical gradient of

σ2
f = EP [var(uP (Y )|W )] is given by

Df (w, y) = {uP (y)− fP (w)}2 + 2

∫
{uP (ỹ)− fP (w̃)}h(y, ỹ)dP (w̃, ỹ)− 3σ2

f , (S.12)

where f(w) = EP [uP (Y )|W = w].

Proof. We prove this lemma by directly applying the definition of a gradient. We consider
the one-dimensional submodel {Pε : |ε| ≤ 1} with density

pε(w, y) = p(y|w){1 + εs1(y|w)}p(w){1 + εs2(w)},

where the range of s1 and s2 falls in [−1, 1] and these functions satisfy EP [s1(Y |W )|W ] =
0 P -almost surely and EP [s2(W )] = 0. Let fP (w) = EP [uP (Y )|W = w] and fPε(w) =
EPε [uPε(Y )|W = w]. We have that

σ2
f (Pε) =

∫
{uPε(y)− fPε(w)}2 {1 + εs1(y|w)}{1 + εs2(w)}dP (y|w)dP (w)
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=

∫
{uPε(y)− fPε(w)}2 dP (w, y)

+

∫
{uPε(y)− fPε(w)}2 {εs1(y|w) + εs2(w) + ε2s1(y|w)s2(w)}dP (w, y).

The second term on the right has the following derivative with respect to ε at ε = 0
∫
{uP (y)− fP (w)}2 {s1(y|w) + s2(w)}dP (w, y),

and so will contribute {uP (Y ) − fP (W )}2 − σ2
f to the gradient. We now focus on the

first term, which re-writes as

∫ [∫
h(x, y){1 + εs1(x|w)}{1 + εs2(w)}dP (x|w)dP (w)− fPε(w)

]2

dP (w, y)

=

∫ [{∫
h(x, y)dP (w, x)− fPε(w)

}2

+ c(ε)2 + 2c(ε)

{∫
h(x, y)dP (w, x)− fPε(w)

}]
dP,

where c(ε) =
∫
h(x, y){εs1(x|w) + εs2(w) + ε2s1s2}dP (w, x). The first term in the above

display has derivative 0 with respect to ε at ε = 0, as fP is the true conditional mean.
The second term also has derivative 0 at ε = 0, as it is quadratic in ε. At ε = 0, the
third term has derivative

2

∫ ([∫
h(x, y){s1(x|w) + s2(w)}dP (w, x)

] [∫
h(x, y)dP (w, x)− fP (w)

])
dP (w, y)

= 2

∫ ∫ ({∫
h(x, y)dP (w, x)− fP (w)

}
[h(x, y){s1(x|w̃) + s2(w̃)}]

)
dP (w̃, x)dP (w, y)

= 2

∫ [∫
{uP (y)− fP (w)}h(x, y)dP (w, y)

]
{s1(x|w̃) + s2(w̃)}dP (w̃, x).

The inner integral has mean
∫ ∫

{uP (y)− fP (w)}h(x, y)dP (w, y)dP (w̃, x) =

∫
{uP (y)−fP (w)}uP (y)dP (w, y) = σ2

f .

Therefore the following is a gradient:

Df (w, y) = {uP (y)− fP (w)}2 + 2

∫
{uP (ỹ)− fP (w̃)}h(y, ỹ)dP (w̃, ỹ)− 3σ2

f .

Since we are working within a locally nonparametric model, the above is also the canon-
ical gradient.

Lemma S.4.2 (EIF of mean conditional covariance). Consider a locally nonparametric
model of distributions of (W,Y ). For given functions u(·) and v(·), the canonical gradient
of σuv = EP [covP (u(Y ), v(Y )|W )] is

Dcov(w, y) = {u(y)− fu(w)}{v(y)− fv(w)} − σuv, (S.13)

where fu(w) = EP [u(Y )|W = w] and fv(w) = EP [v(Y )|W = w].
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Form of EIF

Nonparametric EIF is

f (x , y) =
[(y − EP [Y ])2 − σ2

P ]γP
σ4
P

− (y − EP [Y |X = x ])2 − γP
σ2
P

,

where σ2
P = VarP(Y ) and γP = EP [VarP(Y |X )]
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Implementing a one-step estimator

To use an efficient estimator, it must be implemented in R/Python/etc.

Should estimate nuisances flexibly

Cross-fitting and other best practices should be used

Testing and debugging generally needed
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Example: code for Luedtke et al. (2017)

.sgtmle	=	function(W,A,Y,Delta,txs,Q.est,blip.est,g.est,baseline.probs,family,kappa=1,sig.trunc=0.1,alpha=0.05,trunc.Q=c(0.005,0.995),obsWeights=NULL
		require(Hmisc)
		n	=	nrow(W)
		if(is.null(obsWeights))	obsWeights	=	rep(1,length(Y))
		obsWeights	=	obsWeights/mean(obsWeights)

		if(family$family=='binomial')	{
				for(i	in	seq(txs)){Q.est[,i]	=	pmin(pmax(Q.est[,i],trunc.Q[1]),trunc.Q[2])}
				offs	=	family$linkfun(Reduce("+",lapply(seq(txs),function(i){
						(A==txs[i])*Q.est[,i]
				})))
				offs[!(A	%in%	txs)]	=	0
		}	else	if(family$family=='gaussian'){
				offs	=	Reduce("+",lapply(seq(txs),function(i){(A==txs[i])*Q.est[,i]}))
		}	else	{
				stop("family	must	be	either	binomial	or	gaussian.")
		}

		#	treatment	effect	of	assigning	first	treatment	in	txs	vs	assigning	the	next	best	treatment
		#	useful	when	kappa<1	(so	that	there	is	a	constraint	on	this	first	treatment	resource)
		one.vs.next.best	=	blip.est[,1]	-	apply(blip.est[,-1,drop=FALSE],1,max)
		tau	=	wtd.quantile(one.vs.next.best,	obsWeights,	type="i/n",	probs=1-kappa)
		if(mean((one.vs.next.best>tau)	*	obsWeights)/mean(obsWeights)>kappa){
				tau	=	min(one.vs.next.best[one.vs.next.best>tau])
		}

		#	if	one.vs.next.best<tau,	then	the	individual	will	not	be	treated	with	tx	1	in	the	presence	of	the	resource	constraint
		blip.est[one.vs.next.best<tau,1]	=	-Inf

		#	probability	of	always	treating	someone	with	treatment	1	(one.vs.next.best>tau)
		alway.trt1.prob	=	mean((one.vs.next.best>tau)	*	obsWeights)
		#	probability	of	sometimes	treating	someone	with	treatment	1	(one.vs.next.best==tau)	--	prob	determined	by	resource	constraint
		sometimes.trt1.prob	=	mean((one.vs.next.best==tau)	*	obsWeights)

		#	vector	of	optimal	treatment	probabilities
		#	(allowed	to	be	stochastic	to	deal	with	resource	constraint.	typically	is	deterministic)
		g.star	=	t(apply(blip.est,1,function(xx){
				wm	=	which.max(xx)
				out	=	rep(0,length(xx))
				if((wm==1)	&	(xx[1]-max(xx[-1])==tau)){
						#	only	assign	treatment	1	with	the	probability	that	is	allowed	by	the	resource	constraint
						out[1]	=	(tau>0)*(kappa	-	alway.trt1.prob)/sometimes.trt1.prob
						#	otherwise	assign	the	second	best	treatment
						out[which.max(xx[-1])+1]	=	1-out[1]
				}	else	{
						out[wm]	=	1
				}
				return(out)
		}))

		H	=	Reduce("+",lapply(seq(txs),function(i){
				a	=	txs[i]
				Delta*(A==a)*(g.star[,i]-baseline.probs[i])/g.est[,i]
		}))

		eps	=	suppressWarnings(coef(glm(Y	~	-1	+	offset(offs)	+	H,family=family,weights=obsWeights)))

		Q	=	do.call(cbind,lapply(seq(txs),function(i){
				family$linkinv(family$linkfun(Q.est[,i])	+	eps*I(g.star[,i]-baseline.probs[i])/g.est[,i])
		}))

		QA	=	Reduce("+",lapply(seq(txs),function(i){(A==txs[i])*Q[,i]}))

		Q.contrast	=	Reduce("+",lapply(seq(txs),function(i){
				Q[,i]*(g.star[,i]-baseline.probs[i])
		}))

		est.add	=	mean(obsWeights	*	Q.contrast)

		ic.add	=	obsWeights	*	(H*(Y-QA)	-	max(tau,0)*(g.star[,1]-kappa)	+	Q.contrast	-	est.add)

		if(RR){	#	Get	a	targeted	estimate	of	mean	outcome	under	baseline.probs,	and	then	add	this	to	the	contrast	from	the	previous
				offs.bp	=	family$linkfun(Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]*Q.est[,i]})))
				H.bp	=	Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]*Delta*(A==txs[i])/g.est[,i]}))
				eps.bp	=	suppressWarnings(coef(glm(Y	~	-1	+	offset(offs.bp)	+	H.bp,family=family,weights=obsWeights)))
				Qbp.star	=	family$linkinv(offs.bp	+	eps.bp	*	Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]/g.est[,i]})))
				EYbp.star	=	mean(obsWeights	*	Qbp.star)
				est	=	(1	-	(EYbp.star	+	est.add))/(1-EYbp.star)	#	recall:	relative	risk	of	1-Y,	since	Y	beneficial
				ic	=	-(ic.add/(1	-	(EYbp.star	+	est.add))	+	obsWeights	*	(H.bp	*	(Y-Qbp.star)	+	Qbp.star	-	EYbp.star)	*	(1/(1	-	(EYbp.star	+	est.add))-1/(1-EYbp.star
				ci	=	exp(log(est)	+	c(-1,1)	*	qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n))
		}	else	{
				est	=	est.add
				ic	=	ic.add
				ci	=	c(est-qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n),est+qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n))
		}
		return(list(est=est,ci=ci,ic=ic))
}

#	Helper	function	used	by	sg.cvtmle
#	Inputs	the	same	as	for	those	functions

.sgcvtmle.preprocess	=	function(W,A,Y,Delta,SL.library,OR.SL.library,prop.SL.library,missingness.SL.library,txs,family,g0=NULL,Q0=NULL,num.folds=10
		require(SuperLearner)

		#	Recode	missing	Y	values	to	0
		Y[Delta==0]	=	0

		n	=	nrow(W)
		if(!is.null(id)	&	stratifyCV==TRUE)	stop('Stratified	sampling	with	id	not	currently	implemented.')
		if(is.null(folds)){
				folds	=	CVFolds(n,id,Y,SuperLearner.CV.control(stratifyCV=stratifyCV,V=num.folds))
		}

		ests	=	lapply(seq(folds),function(k){
				val.inds	=	folds[[k]]

				W.trn	=	W[-val.inds,,drop=FALSE]
				A.trn	=	A[-val.inds]
				Y.trn	=	Y[-val.inds]
				Delta.trn	=	Delta[-val.inds]
				W.val	=	W[val.inds,,drop=FALSE]
				A.val	=	A[val.inds]
				Y.val	=	Y[val.inds]
				Delta.val	=	Delta[val.inds]

				id.trn	=	id[-val.inds]
				obsWeights.trn	=	obsWeights[-val.inds]

				if(length(g0)==0){
						if((length(txs)==2)	&	all(Delta.trn==1)){	#	no	need	to	fit	propensity	for	both	treatments	if	there	are	only	two	treatments	and	no	outcomes	are	missing	(probabilities	add	to	1)
								g1	=	Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(as.numeric(A.trn==txs[1]),W.trn,newX=rbind(W.val,W.trn),family=binomial(),SL.library
								g	=	cbind(g1,1-g1)
						}	else	{
								g	=	do.call(cbind,lapply(txs,function(a){
										Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(as.numeric(A.trn==a),W.trn,newX=rbind(W.val,W.trn),family=binomial(),SL.library=
								}))
								if(any(rowSums(g)>1)){	#	if	the	estimated	treatment	probs	sum	to	more	than	1,	then	normalize
										sm	=	rowSums(g)
										inds	=	which(sm>1)
										for(i	in	1:ncol(g)){
												g[inds,i]	=	g[inds,i]/sm[inds]
										}
								}
						}
						g.val	=	g[1:nrow(W.val),]
						g.trn	=	g[(nrow(W.val)+1):nrow(W),]
				}	else	{
						g.val	=	g0[val.inds,]
						g.trn	=	g0[-val.inds,]
				}

				if(all(Delta.trn==1)){
						g.delta	=	rep(1,length(Delta))
				}	else	{
						g.delta	=	Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(Delta.trn,data.frame(W.trn,A=A.trn),newX=rbind(data.frame(W.val,A=A.val),data.frame
				}
				g.delta.val	=	g.delta[1:nrow(W.val)]
				g.delta.trn	=	g.delta[(nrow(W.val)+1):nrow(W)]

				#	recode	A	so	that	it's	set	to	missing	(some	value	not	in	txs	--	max(txs)+1	will	work)
				#	whenever	Delta	is	set	to	missing
				A.val[Delta.val==0]	=	max(txs)	+	1
				A.trn[Delta.trn==0]	=	max(txs)	+	1
				#	modify	treatment	probability	to	also	account	for	missingness	probability
				g.val	=	g.val	*	do.call(cbind,lapply(1:length(txs),function(i){g.delta.val}))
				g.trn	=	g.trn	*	do.call(cbind,lapply(1:length(txs),function(i){g.delta.trn}))

				if(length(Q0)==0){
						#	fit	outcome	regression
						Qbar	=	do.call(cbind,lapply(txs,function(a){suppressWarnings(
								Reduce('+',lapply(1:num.SL.rep,function(i){
										if(sum(A.trn==a)>0){
												return(SuperLearner(
														Y.trn[A.trn==a],
														data.frame(W.trn,A=A.trn)[A.trn==a,],
														newX=data.frame(rbind(W.val,W.trn),A=a),
														family=family,
														SL.library=OR.SL.library,
														obsWeights=obsWeights.trn[A.trn==a],
														id=id.trn[A.trn==a],
														cvControl=SuperLearner.CV.control(stratifyCV=stratifyCV&(family$family=='binomial'),V=num.folds)
												)$SL.predict[,1])
										}	else	{
												#	warning("No	individuals	in	a	training	fold	received	one	of	the	two	treatments	when	estimating	the	outcome	regression.")
												return(rep(mean(Y.trn),nrow(W.val)+nrow(W.trn)))
										}
								}))/num.SL.rep)}
						))
				}	else	{
						Qbar	=	rbind(Q0[[k]][val.inds,],Q0[[k]][-val.inds,])
				}
				Q.val	=	Qbar[1:nrow(W.val),]

				tmp	=	lapply(seq(txs),function(i){
						a	=	txs[i]
						Z.trn	=	(A.trn==a)/((A.trn==a)*g.trn[,i]	+	(A.trn!=a))	*	(Y.trn-Qbar[(nrow(W.val)+1):nrow(W),i])	+	Qbar[(nrow(W.val)+1):nrow(W),i]	-	Delta.trn

						Reduce('+',lapply(1:num.SL.rep,function(j){
								SL	=	SuperLearner(Z.trn,W.trn,newX=W.val,SL.library=SL.library,obsWeights=obsWeights.trn,id=id.trn,cvControl=SuperLearner.CV.control(validRows
								cbind(SL$SL.predict[,1],SL$library.predict)}))/num.SL.rep
				})

				blip.est	=	do.call(cbind,lapply(tmp,function(tx_fit){tx_fit[,1]}))
				#	list	of	blip.est-like	objects,	one	for	each	learning	in	the	SL	library
				lib.blip.est	=	lapply(seq(SL.library),function(i){
						do.call(cbind,lapply(tmp,function(tx_fit){tx_fit[,i+1]}))
				})

				return(list(Q.val=Q.val,blip.est=blip.est,g.val=g.val,lib.blip.est=lib.blip.est))
		})

		Q.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$Q.val}))[order(unlist(folds)),]
		blip.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$blip.est}))[order(unlist(folds)),]
		g.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$g.val}))[order(unlist(folds)),]
		lib.blip.est	=	lapply(seq(SL.library),function(i){do.call(rbind,lapply(ests,function(fold_ests){fold_ests$lib.blip.est[[i]]}))[order(unlist(folds

		return(list(Q.est=Q.est,blip.est=blip.est,g.est=g.est,lib.blip.est=lib.blip.est))
}

#'	CV-TMLE	Estimating	Impact	of	Treating	Optimal	Subgroup

sg.cvtmle	=	function(W,A,Y,SL.library,Delta=rep(1,length(A)),OR.SL.library=SL.library,prop.SL.library=SL.library,missingness.SL.library=SL.library,
		require(SuperLearner)

		if(any(names(list(...))=="bothactive"))	{
				warning("The	bothactive	option	is	deprecated.	Its	functionality	can	now	be	imitated	using	the	baseline.probs	argument.	To	imitate	bothactive=TRUE,	set	baseline.probs=c(0.5,0.5).	To	imitate	bothactive=FALSE,	set	txs=c(0,1)	and	baseline.probs=c(1,0)."
		}

		if(any(names(list(...))=="ipcw"))	{
				warning("The	ipcw	argument	is	deprecated.")
		}

		if(!(sum(obsWeights)	%in%	c(0,length(Y)))){
				warning('Renormalizing	obsWeights	so	they	sum	to	sample	size.')
				obsWeights	=	obsWeights/mean(obsWeights)
		}

		if(length(txs)!=length(unique(txs))){
				stop("txs	should	not	contain	any	duplicate	entries.")
		}

		if(length(txs)==1){
				stop("txs	should	contain	at	least	two	entries.")
		}

		#	if	init.ests.in	was	used,	make	sure	has	the	same	length	as	num.SL.rep
		#	(since	otherwise	there	may	be	a	user	input	error)
		if(length(init.ests.in)>0	&	(length(init.ests.in)!=num.est.rep)){
				stop("Length	of	init.ests.in	should	be	the	same	as	num.est.rep")
		}

		#	if	folds	is	specified,	then	ignore	the	value	of	num.est.rep	and	only	use	the
		#	supplied	folds	(corresponds	to	a	particular	realization	of	the	folds	that	could
		#	have	been	used	if	num.est.rep	had	been	1)
		if(num.est.rep>1	&	!is.null(folds)){
				warning("Because	the	folds	input	was	specified,	automatically	setting	num.est.rep	to	1.")
				num.est.rep	=	1
		}

		#	if	folds	is	specified,	then	stratifyCV	is	not	respected	for	the	purpose	of	choosing	folds	in
		#	the	outer	optimization.	Instead,	the	user	should	ensure	that	the	supplied	folds	are
		#	stratified	by	event	counts	if	desired
		if(stratifyCV	&	!is.null(folds)){
				warning("Because	the	folds	input	was	specified,	stratifyCV	will	only	be	used	to	stratify	inner	cross-validation	used	to	estimate	nuisance	functions.	If	stratification	based	on	event	count	is	desired	for	choosing	the	folds	in	the	outer	layer	of	cross-validation,	then	the	user	should	ensure	that	the	supplied	folds	respect	these	event	counts."
		}

		#	if	folds	is	specified,	then	num.folds	must	match	the	number	of	folds	in	folds.	If	it	doesn't,
		#	it	will	just	be	set	to	this	number.
		if(num.folds!=length(folds)	&	!is.null(folds)){
				warning("The	num.folds	input	must	match	the	length	of	num.folds.	Since	it	doesn't,	num.folds	has	been	reset	to	be	equal	to	length(num.folds).")
				num.folds	=	length(folds)
		}

		#	To	ensure	proper	cross-fitting,	folds	must	be	specified	along	with	Q0.	
		if(!is.null(Q0)	&	is.null(folds)){
				stop("folds	must	specified	if	Q0	is	specified.")
		}

		#	Print	a	message	clarifying	to	the	user	what	the	resource	constraint	is	imposing.
		if(kappa<1){
				message(paste0("The	resource	constraint	imposes	that	at	most	a	kappa=",kappa,"	proportion	of	the	population	can	receive	treatment	",txs[1],".")
		}

		#	If	baseline.probs	is	set	to	NULL,	then	the	mean	outcome	under	the	optimal	rule	is	reported	(i.e.,	this	value	is	not	contrasted	against	anything).
		#	To	achieve	this,	we	set	baseline.probs	to	be	a	vector	of	zeros
		if(length(baseline.probs)==0){
				baseline.probs	=	rep(0,length(txs))
		}

		#	if	any	Y	outcomes	are	missing	(Delta==0),	replace	NAs	by	zero
		#	note:	the	entries	of	Y	with	missing	values	are	not	used	in	downstream	code,
		#							but	if	they're	coded	as	NA	then	.sgtmle	will	yield	an	NA	confidence	interval
		#		due	to	the	appearance	of	a	weight	of	0	times	an	NA	outcome	in	the	computation
		#		of	the	influence	function
		Y[Delta==0	&	is.na(Y)]	=	0

		#	reformat	SL.library	so	that	it	is	a	list	of	length-1	or	length-2	vectors
		#	(where	the	first	entry	in	a	length-2	vector	is	the	learning	algorithm,
		#		the	second	is	the	screening	algorithm)
		SL.library	=	do.call(c,lapply(SL.library,function(z){
				if(length(z)>2){
						lapply(z[2:length(z)],function(zz){c(z[1],zz)})
				}	else	{
						return(list(z))
				}
		}))

		fits	=	lapply(1:num.est.rep,function(i){
				if(verbose)	message(paste0('Running	estimator	iteration	',i,'.'))
				if(length(init.ests.in)>0){
						init.ests	=	init.ests.in[[i]]
				}	else	{
						init.ests	=	.sgcvtmle.preprocess(W,A,Y,Delta,SL.library,OR.SL.library,prop.SL.library,missingness.SL.library,txs,family=family,g0=g0,Q0=Q0,num.folds
				}
				Q.est	=	init.ests$Q.est
				blip.est	=	init.ests$blip.est
				g.est	=	init.ests$g.est
				lib.blip.est	=	init.ests$lib.blip.est

				out	=	.sgtmle(W,A,Y,Delta,txs,Q.est,blip.est,g.est,baseline.probs,family=family,kappa=kappa,sig.trunc=sig.trunc,alpha=alpha,obsWeights=obsWeights
				if(lib.ests){
						out.lib	=	lapply(lib.blip.est,function(lbe.curr){
								return(.sgtmle(W,A,Y,Delta,txs,Q.est,lbe.curr,g.est,baseline.probs,family=family,kappa=kappa,sig.trunc=sig.trunc,alpha=alpha,obsWeights=obsWeights
						})
						out.list	=	list(ests=c(out$est,sapply(out.lib,function(x){x$est})),vars=c(var(out$ic),sapply(out.lib,function(x){var(x$ic)})),algs=c('SuperLearner'
				}	else	{
						out.list	=	list(ests=out$est,vars=var(out$ic),algs='SuperLearner')
				}
				if(init.ests.out){
						out.list	=	append(out.list,list(init.ests=init.ests))
				}
				return(out.list)
		})

		nms	=	fits[[1]]$algs

		est.mat	=	do.call(rbind,lapply(fits,function(x){x$ests}))
		rownames(est.mat)	=	paste0('Repetition	',1:nrow(est.mat))
		est	=	colMeans(est.mat)
		se	=	sqrt(colMeans(do.call(rbind,lapply(fits,function(x){x$vars})))/nrow(W))
		ci	=	cbind(est	-	qnorm(1-alpha/2)*se,est	+	qnorm(1-alpha/2)*se)
		colnames(ci)	=	c('lb','ub')

		colnames(est.mat)	<-	rownames(ci)	<-	names(est)	<-	nms

		out.list	=	list(est=est,ci=ci,est.mat=est.mat)
		if(init.ests.out){
				out.list	=	append(out.list,list(init.ests=lapply(fits,function(fit){fit$init.ests})))
		}

		return(out.list)
}
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Example: code for Luedtke et al. (2017)

.sgtmle	=	function(W,A,Y,Delta,txs,Q.est,blip.est,g.est,baseline.probs,family,kappa=1,sig.trunc=0.1,alpha=0.05,trunc.Q=c(0.005,0.995),obsWeights=NULL
		require(Hmisc)
		n	=	nrow(W)
		if(is.null(obsWeights))	obsWeights	=	rep(1,length(Y))
		obsWeights	=	obsWeights/mean(obsWeights)

		if(family$family=='binomial')	{
				for(i	in	seq(txs)){Q.est[,i]	=	pmin(pmax(Q.est[,i],trunc.Q[1]),trunc.Q[2])}
				offs	=	family$linkfun(Reduce("+",lapply(seq(txs),function(i){
						(A==txs[i])*Q.est[,i]
				})))
				offs[!(A	%in%	txs)]	=	0
		}	else	if(family$family=='gaussian'){
				offs	=	Reduce("+",lapply(seq(txs),function(i){(A==txs[i])*Q.est[,i]}))
		}	else	{
				stop("family	must	be	either	binomial	or	gaussian.")
		}

		#	treatment	effect	of	assigning	first	treatment	in	txs	vs	assigning	the	next	best	treatment
		#	useful	when	kappa<1	(so	that	there	is	a	constraint	on	this	first	treatment	resource)
		one.vs.next.best	=	blip.est[,1]	-	apply(blip.est[,-1,drop=FALSE],1,max)
		tau	=	wtd.quantile(one.vs.next.best,	obsWeights,	type="i/n",	probs=1-kappa)
		if(mean((one.vs.next.best>tau)	*	obsWeights)/mean(obsWeights)>kappa){
				tau	=	min(one.vs.next.best[one.vs.next.best>tau])
		}

		#	if	one.vs.next.best<tau,	then	the	individual	will	not	be	treated	with	tx	1	in	the	presence	of	the	resource	constraint
		blip.est[one.vs.next.best<tau,1]	=	-Inf

		#	probability	of	always	treating	someone	with	treatment	1	(one.vs.next.best>tau)
		alway.trt1.prob	=	mean((one.vs.next.best>tau)	*	obsWeights)
		#	probability	of	sometimes	treating	someone	with	treatment	1	(one.vs.next.best==tau)	--	prob	determined	by	resource	constraint
		sometimes.trt1.prob	=	mean((one.vs.next.best==tau)	*	obsWeights)

		#	vector	of	optimal	treatment	probabilities
		#	(allowed	to	be	stochastic	to	deal	with	resource	constraint.	typically	is	deterministic)
		g.star	=	t(apply(blip.est,1,function(xx){
				wm	=	which.max(xx)
				out	=	rep(0,length(xx))
				if((wm==1)	&	(xx[1]-max(xx[-1])==tau)){
						#	only	assign	treatment	1	with	the	probability	that	is	allowed	by	the	resource	constraint
						out[1]	=	(tau>0)*(kappa	-	alway.trt1.prob)/sometimes.trt1.prob
						#	otherwise	assign	the	second	best	treatment
						out[which.max(xx[-1])+1]	=	1-out[1]
				}	else	{
						out[wm]	=	1
				}
				return(out)
		}))

		H	=	Reduce("+",lapply(seq(txs),function(i){
				a	=	txs[i]
				Delta*(A==a)*(g.star[,i]-baseline.probs[i])/g.est[,i]
		}))

		eps	=	suppressWarnings(coef(glm(Y	~	-1	+	offset(offs)	+	H,family=family,weights=obsWeights)))

		Q	=	do.call(cbind,lapply(seq(txs),function(i){
				family$linkinv(family$linkfun(Q.est[,i])	+	eps*I(g.star[,i]-baseline.probs[i])/g.est[,i])
		}))

		QA	=	Reduce("+",lapply(seq(txs),function(i){(A==txs[i])*Q[,i]}))

		Q.contrast	=	Reduce("+",lapply(seq(txs),function(i){
				Q[,i]*(g.star[,i]-baseline.probs[i])
		}))

		est.add	=	mean(obsWeights	*	Q.contrast)

		ic.add	=	obsWeights	*	(H*(Y-QA)	-	max(tau,0)*(g.star[,1]-kappa)	+	Q.contrast	-	est.add)

		if(RR){	#	Get	a	targeted	estimate	of	mean	outcome	under	baseline.probs,	and	then	add	this	to	the	contrast	from	the	previous
				offs.bp	=	family$linkfun(Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]*Q.est[,i]})))
				H.bp	=	Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]*Delta*(A==txs[i])/g.est[,i]}))
				eps.bp	=	suppressWarnings(coef(glm(Y	~	-1	+	offset(offs.bp)	+	H.bp,family=family,weights=obsWeights)))
				Qbp.star	=	family$linkinv(offs.bp	+	eps.bp	*	Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]/g.est[,i]})))
				EYbp.star	=	mean(obsWeights	*	Qbp.star)
				est	=	(1	-	(EYbp.star	+	est.add))/(1-EYbp.star)	#	recall:	relative	risk	of	1-Y,	since	Y	beneficial
				ic	=	-(ic.add/(1	-	(EYbp.star	+	est.add))	+	obsWeights	*	(H.bp	*	(Y-Qbp.star)	+	Qbp.star	-	EYbp.star)	*	(1/(1	-	(EYbp.star	+	est.add))-1/(1-EYbp.star
				ci	=	exp(log(est)	+	c(-1,1)	*	qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n))
		}	else	{
				est	=	est.add
				ic	=	ic.add
				ci	=	c(est-qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n),est+qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n))
		}
		return(list(est=est,ci=ci,ic=ic))
}

#	Helper	function	used	by	sg.cvtmle
#	Inputs	the	same	as	for	those	functions

.sgcvtmle.preprocess	=	function(W,A,Y,Delta,SL.library,OR.SL.library,prop.SL.library,missingness.SL.library,txs,family,g0=NULL,Q0=NULL,num.folds=10
		require(SuperLearner)

		#	Recode	missing	Y	values	to	0
		Y[Delta==0]	=	0

		n	=	nrow(W)
		if(!is.null(id)	&	stratifyCV==TRUE)	stop('Stratified	sampling	with	id	not	currently	implemented.')
		if(is.null(folds)){
				folds	=	CVFolds(n,id,Y,SuperLearner.CV.control(stratifyCV=stratifyCV,V=num.folds))
		}

		ests	=	lapply(seq(folds),function(k){
				val.inds	=	folds[[k]]

				W.trn	=	W[-val.inds,,drop=FALSE]
				A.trn	=	A[-val.inds]
				Y.trn	=	Y[-val.inds]
				Delta.trn	=	Delta[-val.inds]
				W.val	=	W[val.inds,,drop=FALSE]
				A.val	=	A[val.inds]
				Y.val	=	Y[val.inds]
				Delta.val	=	Delta[val.inds]

				id.trn	=	id[-val.inds]
				obsWeights.trn	=	obsWeights[-val.inds]

				if(length(g0)==0){
						if((length(txs)==2)	&	all(Delta.trn==1)){	#	no	need	to	fit	propensity	for	both	treatments	if	there	are	only	two	treatments	and	no	outcomes	are	missing	(probabilities	add	to	1)
								g1	=	Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(as.numeric(A.trn==txs[1]),W.trn,newX=rbind(W.val,W.trn),family=binomial(),SL.library
								g	=	cbind(g1,1-g1)
						}	else	{
								g	=	do.call(cbind,lapply(txs,function(a){
										Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(as.numeric(A.trn==a),W.trn,newX=rbind(W.val,W.trn),family=binomial(),SL.library=
								}))
								if(any(rowSums(g)>1)){	#	if	the	estimated	treatment	probs	sum	to	more	than	1,	then	normalize
										sm	=	rowSums(g)
										inds	=	which(sm>1)
										for(i	in	1:ncol(g)){
												g[inds,i]	=	g[inds,i]/sm[inds]
										}
								}
						}
						g.val	=	g[1:nrow(W.val),]
						g.trn	=	g[(nrow(W.val)+1):nrow(W),]
				}	else	{
						g.val	=	g0[val.inds,]
						g.trn	=	g0[-val.inds,]
				}

				if(all(Delta.trn==1)){
						g.delta	=	rep(1,length(Delta))
				}	else	{
						g.delta	=	Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(Delta.trn,data.frame(W.trn,A=A.trn),newX=rbind(data.frame(W.val,A=A.val),data.frame
				}
				g.delta.val	=	g.delta[1:nrow(W.val)]
				g.delta.trn	=	g.delta[(nrow(W.val)+1):nrow(W)]

				#	recode	A	so	that	it's	set	to	missing	(some	value	not	in	txs	--	max(txs)+1	will	work)
				#	whenever	Delta	is	set	to	missing
				A.val[Delta.val==0]	=	max(txs)	+	1
				A.trn[Delta.trn==0]	=	max(txs)	+	1
				#	modify	treatment	probability	to	also	account	for	missingness	probability
				g.val	=	g.val	*	do.call(cbind,lapply(1:length(txs),function(i){g.delta.val}))
				g.trn	=	g.trn	*	do.call(cbind,lapply(1:length(txs),function(i){g.delta.trn}))

				if(length(Q0)==0){
						#	fit	outcome	regression
						Qbar	=	do.call(cbind,lapply(txs,function(a){suppressWarnings(
								Reduce('+',lapply(1:num.SL.rep,function(i){
										if(sum(A.trn==a)>0){
												return(SuperLearner(
														Y.trn[A.trn==a],
														data.frame(W.trn,A=A.trn)[A.trn==a,],
														newX=data.frame(rbind(W.val,W.trn),A=a),
														family=family,
														SL.library=OR.SL.library,
														obsWeights=obsWeights.trn[A.trn==a],
														id=id.trn[A.trn==a],
														cvControl=SuperLearner.CV.control(stratifyCV=stratifyCV&(family$family=='binomial'),V=num.folds)
												)$SL.predict[,1])
										}	else	{
												#	warning("No	individuals	in	a	training	fold	received	one	of	the	two	treatments	when	estimating	the	outcome	regression.")
												return(rep(mean(Y.trn),nrow(W.val)+nrow(W.trn)))
										}
								}))/num.SL.rep)}
						))
				}	else	{
						Qbar	=	rbind(Q0[[k]][val.inds,],Q0[[k]][-val.inds,])
				}
				Q.val	=	Qbar[1:nrow(W.val),]

				tmp	=	lapply(seq(txs),function(i){
						a	=	txs[i]
						Z.trn	=	(A.trn==a)/((A.trn==a)*g.trn[,i]	+	(A.trn!=a))	*	(Y.trn-Qbar[(nrow(W.val)+1):nrow(W),i])	+	Qbar[(nrow(W.val)+1):nrow(W),i]	-	Delta.trn

						Reduce('+',lapply(1:num.SL.rep,function(j){
								SL	=	SuperLearner(Z.trn,W.trn,newX=W.val,SL.library=SL.library,obsWeights=obsWeights.trn,id=id.trn,cvControl=SuperLearner.CV.control(validRows
								cbind(SL$SL.predict[,1],SL$library.predict)}))/num.SL.rep
				})

				blip.est	=	do.call(cbind,lapply(tmp,function(tx_fit){tx_fit[,1]}))
				#	list	of	blip.est-like	objects,	one	for	each	learning	in	the	SL	library
				lib.blip.est	=	lapply(seq(SL.library),function(i){
						do.call(cbind,lapply(tmp,function(tx_fit){tx_fit[,i+1]}))
				})

				return(list(Q.val=Q.val,blip.est=blip.est,g.val=g.val,lib.blip.est=lib.blip.est))
		})

		Q.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$Q.val}))[order(unlist(folds)),]
		blip.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$blip.est}))[order(unlist(folds)),]
		g.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$g.val}))[order(unlist(folds)),]
		lib.blip.est	=	lapply(seq(SL.library),function(i){do.call(rbind,lapply(ests,function(fold_ests){fold_ests$lib.blip.est[[i]]}))[order(unlist(folds

		return(list(Q.est=Q.est,blip.est=blip.est,g.est=g.est,lib.blip.est=lib.blip.est))
}

#'	CV-TMLE	Estimating	Impact	of	Treating	Optimal	Subgroup

sg.cvtmle	=	function(W,A,Y,SL.library,Delta=rep(1,length(A)),OR.SL.library=SL.library,prop.SL.library=SL.library,missingness.SL.library=SL.library,
		require(SuperLearner)

		if(any(names(list(...))=="bothactive"))	{
				warning("The	bothactive	option	is	deprecated.	Its	functionality	can	now	be	imitated	using	the	baseline.probs	argument.	To	imitate	bothactive=TRUE,	set	baseline.probs=c(0.5,0.5).	To	imitate	bothactive=FALSE,	set	txs=c(0,1)	and	baseline.probs=c(1,0)."
		}

		if(any(names(list(...))=="ipcw"))	{
				warning("The	ipcw	argument	is	deprecated.")
		}

		if(!(sum(obsWeights)	%in%	c(0,length(Y)))){
				warning('Renormalizing	obsWeights	so	they	sum	to	sample	size.')
				obsWeights	=	obsWeights/mean(obsWeights)
		}

		if(length(txs)!=length(unique(txs))){
				stop("txs	should	not	contain	any	duplicate	entries.")
		}

		if(length(txs)==1){
				stop("txs	should	contain	at	least	two	entries.")
		}

		#	if	init.ests.in	was	used,	make	sure	has	the	same	length	as	num.SL.rep
		#	(since	otherwise	there	may	be	a	user	input	error)
		if(length(init.ests.in)>0	&	(length(init.ests.in)!=num.est.rep)){
				stop("Length	of	init.ests.in	should	be	the	same	as	num.est.rep")
		}

		#	if	folds	is	specified,	then	ignore	the	value	of	num.est.rep	and	only	use	the
		#	supplied	folds	(corresponds	to	a	particular	realization	of	the	folds	that	could
		#	have	been	used	if	num.est.rep	had	been	1)
		if(num.est.rep>1	&	!is.null(folds)){
				warning("Because	the	folds	input	was	specified,	automatically	setting	num.est.rep	to	1.")
				num.est.rep	=	1
		}

		#	if	folds	is	specified,	then	stratifyCV	is	not	respected	for	the	purpose	of	choosing	folds	in
		#	the	outer	optimization.	Instead,	the	user	should	ensure	that	the	supplied	folds	are
		#	stratified	by	event	counts	if	desired
		if(stratifyCV	&	!is.null(folds)){
				warning("Because	the	folds	input	was	specified,	stratifyCV	will	only	be	used	to	stratify	inner	cross-validation	used	to	estimate	nuisance	functions.	If	stratification	based	on	event	count	is	desired	for	choosing	the	folds	in	the	outer	layer	of	cross-validation,	then	the	user	should	ensure	that	the	supplied	folds	respect	these	event	counts."
		}

		#	if	folds	is	specified,	then	num.folds	must	match	the	number	of	folds	in	folds.	If	it	doesn't,
		#	it	will	just	be	set	to	this	number.
		if(num.folds!=length(folds)	&	!is.null(folds)){
				warning("The	num.folds	input	must	match	the	length	of	num.folds.	Since	it	doesn't,	num.folds	has	been	reset	to	be	equal	to	length(num.folds).")
				num.folds	=	length(folds)
		}

		#	To	ensure	proper	cross-fitting,	folds	must	be	specified	along	with	Q0.	
		if(!is.null(Q0)	&	is.null(folds)){
				stop("folds	must	specified	if	Q0	is	specified.")
		}

		#	Print	a	message	clarifying	to	the	user	what	the	resource	constraint	is	imposing.
		if(kappa<1){
				message(paste0("The	resource	constraint	imposes	that	at	most	a	kappa=",kappa,"	proportion	of	the	population	can	receive	treatment	",txs[1],".")
		}

		#	If	baseline.probs	is	set	to	NULL,	then	the	mean	outcome	under	the	optimal	rule	is	reported	(i.e.,	this	value	is	not	contrasted	against	anything).
		#	To	achieve	this,	we	set	baseline.probs	to	be	a	vector	of	zeros
		if(length(baseline.probs)==0){
				baseline.probs	=	rep(0,length(txs))
		}

		#	if	any	Y	outcomes	are	missing	(Delta==0),	replace	NAs	by	zero
		#	note:	the	entries	of	Y	with	missing	values	are	not	used	in	downstream	code,
		#							but	if	they're	coded	as	NA	then	.sgtmle	will	yield	an	NA	confidence	interval
		#		due	to	the	appearance	of	a	weight	of	0	times	an	NA	outcome	in	the	computation
		#		of	the	influence	function
		Y[Delta==0	&	is.na(Y)]	=	0

		#	reformat	SL.library	so	that	it	is	a	list	of	length-1	or	length-2	vectors
		#	(where	the	first	entry	in	a	length-2	vector	is	the	learning	algorithm,
		#		the	second	is	the	screening	algorithm)
		SL.library	=	do.call(c,lapply(SL.library,function(z){
				if(length(z)>2){
						lapply(z[2:length(z)],function(zz){c(z[1],zz)})
				}	else	{
						return(list(z))
				}
		}))

		fits	=	lapply(1:num.est.rep,function(i){
				if(verbose)	message(paste0('Running	estimator	iteration	',i,'.'))
				if(length(init.ests.in)>0){
						init.ests	=	init.ests.in[[i]]
				}	else	{
						init.ests	=	.sgcvtmle.preprocess(W,A,Y,Delta,SL.library,OR.SL.library,prop.SL.library,missingness.SL.library,txs,family=family,g0=g0,Q0=Q0,num.folds
				}
				Q.est	=	init.ests$Q.est
				blip.est	=	init.ests$blip.est
				g.est	=	init.ests$g.est
				lib.blip.est	=	init.ests$lib.blip.est

				out	=	.sgtmle(W,A,Y,Delta,txs,Q.est,blip.est,g.est,baseline.probs,family=family,kappa=kappa,sig.trunc=sig.trunc,alpha=alpha,obsWeights=obsWeights
				if(lib.ests){
						out.lib	=	lapply(lib.blip.est,function(lbe.curr){
								return(.sgtmle(W,A,Y,Delta,txs,Q.est,lbe.curr,g.est,baseline.probs,family=family,kappa=kappa,sig.trunc=sig.trunc,alpha=alpha,obsWeights=obsWeights
						})
						out.list	=	list(ests=c(out$est,sapply(out.lib,function(x){x$est})),vars=c(var(out$ic),sapply(out.lib,function(x){var(x$ic)})),algs=c('SuperLearner'
				}	else	{
						out.list	=	list(ests=out$est,vars=var(out$ic),algs='SuperLearner')
				}
				if(init.ests.out){
						out.list	=	append(out.list,list(init.ests=init.ests))
				}
				return(out.list)
		})

		nms	=	fits[[1]]$algs

		est.mat	=	do.call(rbind,lapply(fits,function(x){x$ests}))
		rownames(est.mat)	=	paste0('Repetition	',1:nrow(est.mat))
		est	=	colMeans(est.mat)
		se	=	sqrt(colMeans(do.call(rbind,lapply(fits,function(x){x$vars})))/nrow(W))
		ci	=	cbind(est	-	qnorm(1-alpha/2)*se,est	+	qnorm(1-alpha/2)*se)
		colnames(ci)	=	c('lb','ub')

		colnames(est.mat)	<-	rownames(ci)	<-	names(est)	<-	nms

		out.list	=	list(est=est,ci=ci,est.mat=est.mat)
		if(init.ests.out){
				out.list	=	append(out.list,list(init.ests=lapply(fits,function(fit){fit$init.ests})))
		}

		return(out.list)
}
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Example: code for Luedtke et al. (2017)

.sgtmle	=	function(W,A,Y,Delta,txs,Q.est,blip.est,g.est,baseline.probs,family,kappa=1,sig.trunc=0.1,alpha=0.05,trunc.Q=c(0.005,0.995),obsWeights=NULL
		require(Hmisc)
		n	=	nrow(W)
		if(is.null(obsWeights))	obsWeights	=	rep(1,length(Y))
		obsWeights	=	obsWeights/mean(obsWeights)

		if(family$family=='binomial')	{
				for(i	in	seq(txs)){Q.est[,i]	=	pmin(pmax(Q.est[,i],trunc.Q[1]),trunc.Q[2])}
				offs	=	family$linkfun(Reduce("+",lapply(seq(txs),function(i){
						(A==txs[i])*Q.est[,i]
				})))
				offs[!(A	%in%	txs)]	=	0
		}	else	if(family$family=='gaussian'){
				offs	=	Reduce("+",lapply(seq(txs),function(i){(A==txs[i])*Q.est[,i]}))
		}	else	{
				stop("family	must	be	either	binomial	or	gaussian.")
		}

		#	treatment	effect	of	assigning	first	treatment	in	txs	vs	assigning	the	next	best	treatment
		#	useful	when	kappa<1	(so	that	there	is	a	constraint	on	this	first	treatment	resource)
		one.vs.next.best	=	blip.est[,1]	-	apply(blip.est[,-1,drop=FALSE],1,max)
		tau	=	wtd.quantile(one.vs.next.best,	obsWeights,	type="i/n",	probs=1-kappa)
		if(mean((one.vs.next.best>tau)	*	obsWeights)/mean(obsWeights)>kappa){
				tau	=	min(one.vs.next.best[one.vs.next.best>tau])
		}

		#	if	one.vs.next.best<tau,	then	the	individual	will	not	be	treated	with	tx	1	in	the	presence	of	the	resource	constraint
		blip.est[one.vs.next.best<tau,1]	=	-Inf

		#	probability	of	always	treating	someone	with	treatment	1	(one.vs.next.best>tau)
		alway.trt1.prob	=	mean((one.vs.next.best>tau)	*	obsWeights)
		#	probability	of	sometimes	treating	someone	with	treatment	1	(one.vs.next.best==tau)	--	prob	determined	by	resource	constraint
		sometimes.trt1.prob	=	mean((one.vs.next.best==tau)	*	obsWeights)

		#	vector	of	optimal	treatment	probabilities
		#	(allowed	to	be	stochastic	to	deal	with	resource	constraint.	typically	is	deterministic)
		g.star	=	t(apply(blip.est,1,function(xx){
				wm	=	which.max(xx)
				out	=	rep(0,length(xx))
				if((wm==1)	&	(xx[1]-max(xx[-1])==tau)){
						#	only	assign	treatment	1	with	the	probability	that	is	allowed	by	the	resource	constraint
						out[1]	=	(tau>0)*(kappa	-	alway.trt1.prob)/sometimes.trt1.prob
						#	otherwise	assign	the	second	best	treatment
						out[which.max(xx[-1])+1]	=	1-out[1]
				}	else	{
						out[wm]	=	1
				}
				return(out)
		}))

		H	=	Reduce("+",lapply(seq(txs),function(i){
				a	=	txs[i]
				Delta*(A==a)*(g.star[,i]-baseline.probs[i])/g.est[,i]
		}))

		eps	=	suppressWarnings(coef(glm(Y	~	-1	+	offset(offs)	+	H,family=family,weights=obsWeights)))

		Q	=	do.call(cbind,lapply(seq(txs),function(i){
				family$linkinv(family$linkfun(Q.est[,i])	+	eps*I(g.star[,i]-baseline.probs[i])/g.est[,i])
		}))

		QA	=	Reduce("+",lapply(seq(txs),function(i){(A==txs[i])*Q[,i]}))

		Q.contrast	=	Reduce("+",lapply(seq(txs),function(i){
				Q[,i]*(g.star[,i]-baseline.probs[i])
		}))

		est.add	=	mean(obsWeights	*	Q.contrast)

		ic.add	=	obsWeights	*	(H*(Y-QA)	-	max(tau,0)*(g.star[,1]-kappa)	+	Q.contrast	-	est.add)

		if(RR){	#	Get	a	targeted	estimate	of	mean	outcome	under	baseline.probs,	and	then	add	this	to	the	contrast	from	the	previous
				offs.bp	=	family$linkfun(Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]*Q.est[,i]})))
				H.bp	=	Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]*Delta*(A==txs[i])/g.est[,i]}))
				eps.bp	=	suppressWarnings(coef(glm(Y	~	-1	+	offset(offs.bp)	+	H.bp,family=family,weights=obsWeights)))
				Qbp.star	=	family$linkinv(offs.bp	+	eps.bp	*	Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]/g.est[,i]})))
				EYbp.star	=	mean(obsWeights	*	Qbp.star)
				est	=	(1	-	(EYbp.star	+	est.add))/(1-EYbp.star)	#	recall:	relative	risk	of	1-Y,	since	Y	beneficial
				ic	=	-(ic.add/(1	-	(EYbp.star	+	est.add))	+	obsWeights	*	(H.bp	*	(Y-Qbp.star)	+	Qbp.star	-	EYbp.star)	*	(1/(1	-	(EYbp.star	+	est.add))-1/(1-EYbp.star
				ci	=	exp(log(est)	+	c(-1,1)	*	qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n))
		}	else	{
				est	=	est.add
				ic	=	ic.add
				ci	=	c(est-qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n),est+qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n))
		}
		return(list(est=est,ci=ci,ic=ic))
}

#	Helper	function	used	by	sg.cvtmle
#	Inputs	the	same	as	for	those	functions

.sgcvtmle.preprocess	=	function(W,A,Y,Delta,SL.library,OR.SL.library,prop.SL.library,missingness.SL.library,txs,family,g0=NULL,Q0=NULL,num.folds=10
		require(SuperLearner)

		#	Recode	missing	Y	values	to	0
		Y[Delta==0]	=	0

		n	=	nrow(W)
		if(!is.null(id)	&	stratifyCV==TRUE)	stop('Stratified	sampling	with	id	not	currently	implemented.')
		if(is.null(folds)){
				folds	=	CVFolds(n,id,Y,SuperLearner.CV.control(stratifyCV=stratifyCV,V=num.folds))
		}

		ests	=	lapply(seq(folds),function(k){
				val.inds	=	folds[[k]]

				W.trn	=	W[-val.inds,,drop=FALSE]
				A.trn	=	A[-val.inds]
				Y.trn	=	Y[-val.inds]
				Delta.trn	=	Delta[-val.inds]
				W.val	=	W[val.inds,,drop=FALSE]
				A.val	=	A[val.inds]
				Y.val	=	Y[val.inds]
				Delta.val	=	Delta[val.inds]

				id.trn	=	id[-val.inds]
				obsWeights.trn	=	obsWeights[-val.inds]

				if(length(g0)==0){
						if((length(txs)==2)	&	all(Delta.trn==1)){	#	no	need	to	fit	propensity	for	both	treatments	if	there	are	only	two	treatments	and	no	outcomes	are	missing	(probabilities	add	to	1)
								g1	=	Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(as.numeric(A.trn==txs[1]),W.trn,newX=rbind(W.val,W.trn),family=binomial(),SL.library
								g	=	cbind(g1,1-g1)
						}	else	{
								g	=	do.call(cbind,lapply(txs,function(a){
										Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(as.numeric(A.trn==a),W.trn,newX=rbind(W.val,W.trn),family=binomial(),SL.library=
								}))
								if(any(rowSums(g)>1)){	#	if	the	estimated	treatment	probs	sum	to	more	than	1,	then	normalize
										sm	=	rowSums(g)
										inds	=	which(sm>1)
										for(i	in	1:ncol(g)){
												g[inds,i]	=	g[inds,i]/sm[inds]
										}
								}
						}
						g.val	=	g[1:nrow(W.val),]
						g.trn	=	g[(nrow(W.val)+1):nrow(W),]
				}	else	{
						g.val	=	g0[val.inds,]
						g.trn	=	g0[-val.inds,]
				}

				if(all(Delta.trn==1)){
						g.delta	=	rep(1,length(Delta))
				}	else	{
						g.delta	=	Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(Delta.trn,data.frame(W.trn,A=A.trn),newX=rbind(data.frame(W.val,A=A.val),data.frame
				}
				g.delta.val	=	g.delta[1:nrow(W.val)]
				g.delta.trn	=	g.delta[(nrow(W.val)+1):nrow(W)]

				#	recode	A	so	that	it's	set	to	missing	(some	value	not	in	txs	--	max(txs)+1	will	work)
				#	whenever	Delta	is	set	to	missing
				A.val[Delta.val==0]	=	max(txs)	+	1
				A.trn[Delta.trn==0]	=	max(txs)	+	1
				#	modify	treatment	probability	to	also	account	for	missingness	probability
				g.val	=	g.val	*	do.call(cbind,lapply(1:length(txs),function(i){g.delta.val}))
				g.trn	=	g.trn	*	do.call(cbind,lapply(1:length(txs),function(i){g.delta.trn}))

				if(length(Q0)==0){
						#	fit	outcome	regression
						Qbar	=	do.call(cbind,lapply(txs,function(a){suppressWarnings(
								Reduce('+',lapply(1:num.SL.rep,function(i){
										if(sum(A.trn==a)>0){
												return(SuperLearner(
														Y.trn[A.trn==a],
														data.frame(W.trn,A=A.trn)[A.trn==a,],
														newX=data.frame(rbind(W.val,W.trn),A=a),
														family=family,
														SL.library=OR.SL.library,
														obsWeights=obsWeights.trn[A.trn==a],
														id=id.trn[A.trn==a],
														cvControl=SuperLearner.CV.control(stratifyCV=stratifyCV&(family$family=='binomial'),V=num.folds)
												)$SL.predict[,1])
										}	else	{
												#	warning("No	individuals	in	a	training	fold	received	one	of	the	two	treatments	when	estimating	the	outcome	regression.")
												return(rep(mean(Y.trn),nrow(W.val)+nrow(W.trn)))
										}
								}))/num.SL.rep)}
						))
				}	else	{
						Qbar	=	rbind(Q0[[k]][val.inds,],Q0[[k]][-val.inds,])
				}
				Q.val	=	Qbar[1:nrow(W.val),]

				tmp	=	lapply(seq(txs),function(i){
						a	=	txs[i]
						Z.trn	=	(A.trn==a)/((A.trn==a)*g.trn[,i]	+	(A.trn!=a))	*	(Y.trn-Qbar[(nrow(W.val)+1):nrow(W),i])	+	Qbar[(nrow(W.val)+1):nrow(W),i]	-	Delta.trn

						Reduce('+',lapply(1:num.SL.rep,function(j){
								SL	=	SuperLearner(Z.trn,W.trn,newX=W.val,SL.library=SL.library,obsWeights=obsWeights.trn,id=id.trn,cvControl=SuperLearner.CV.control(validRows
								cbind(SL$SL.predict[,1],SL$library.predict)}))/num.SL.rep
				})

				blip.est	=	do.call(cbind,lapply(tmp,function(tx_fit){tx_fit[,1]}))
				#	list	of	blip.est-like	objects,	one	for	each	learning	in	the	SL	library
				lib.blip.est	=	lapply(seq(SL.library),function(i){
						do.call(cbind,lapply(tmp,function(tx_fit){tx_fit[,i+1]}))
				})

				return(list(Q.val=Q.val,blip.est=blip.est,g.val=g.val,lib.blip.est=lib.blip.est))
		})

		Q.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$Q.val}))[order(unlist(folds)),]
		blip.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$blip.est}))[order(unlist(folds)),]
		g.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$g.val}))[order(unlist(folds)),]
		lib.blip.est	=	lapply(seq(SL.library),function(i){do.call(rbind,lapply(ests,function(fold_ests){fold_ests$lib.blip.est[[i]]}))[order(unlist(folds

		return(list(Q.est=Q.est,blip.est=blip.est,g.est=g.est,lib.blip.est=lib.blip.est))
}

#'	CV-TMLE	Estimating	Impact	of	Treating	Optimal	Subgroup

sg.cvtmle	=	function(W,A,Y,SL.library,Delta=rep(1,length(A)),OR.SL.library=SL.library,prop.SL.library=SL.library,missingness.SL.library=SL.library,
		require(SuperLearner)

		if(any(names(list(...))=="bothactive"))	{
				warning("The	bothactive	option	is	deprecated.	Its	functionality	can	now	be	imitated	using	the	baseline.probs	argument.	To	imitate	bothactive=TRUE,	set	baseline.probs=c(0.5,0.5).	To	imitate	bothactive=FALSE,	set	txs=c(0,1)	and	baseline.probs=c(1,0)."
		}

		if(any(names(list(...))=="ipcw"))	{
				warning("The	ipcw	argument	is	deprecated.")
		}

		if(!(sum(obsWeights)	%in%	c(0,length(Y)))){
				warning('Renormalizing	obsWeights	so	they	sum	to	sample	size.')
				obsWeights	=	obsWeights/mean(obsWeights)
		}

		if(length(txs)!=length(unique(txs))){
				stop("txs	should	not	contain	any	duplicate	entries.")
		}

		if(length(txs)==1){
				stop("txs	should	contain	at	least	two	entries.")
		}

		#	if	init.ests.in	was	used,	make	sure	has	the	same	length	as	num.SL.rep
		#	(since	otherwise	there	may	be	a	user	input	error)
		if(length(init.ests.in)>0	&	(length(init.ests.in)!=num.est.rep)){
				stop("Length	of	init.ests.in	should	be	the	same	as	num.est.rep")
		}

		#	if	folds	is	specified,	then	ignore	the	value	of	num.est.rep	and	only	use	the
		#	supplied	folds	(corresponds	to	a	particular	realization	of	the	folds	that	could
		#	have	been	used	if	num.est.rep	had	been	1)
		if(num.est.rep>1	&	!is.null(folds)){
				warning("Because	the	folds	input	was	specified,	automatically	setting	num.est.rep	to	1.")
				num.est.rep	=	1
		}

		#	if	folds	is	specified,	then	stratifyCV	is	not	respected	for	the	purpose	of	choosing	folds	in
		#	the	outer	optimization.	Instead,	the	user	should	ensure	that	the	supplied	folds	are
		#	stratified	by	event	counts	if	desired
		if(stratifyCV	&	!is.null(folds)){
				warning("Because	the	folds	input	was	specified,	stratifyCV	will	only	be	used	to	stratify	inner	cross-validation	used	to	estimate	nuisance	functions.	If	stratification	based	on	event	count	is	desired	for	choosing	the	folds	in	the	outer	layer	of	cross-validation,	then	the	user	should	ensure	that	the	supplied	folds	respect	these	event	counts."
		}

		#	if	folds	is	specified,	then	num.folds	must	match	the	number	of	folds	in	folds.	If	it	doesn't,
		#	it	will	just	be	set	to	this	number.
		if(num.folds!=length(folds)	&	!is.null(folds)){
				warning("The	num.folds	input	must	match	the	length	of	num.folds.	Since	it	doesn't,	num.folds	has	been	reset	to	be	equal	to	length(num.folds).")
				num.folds	=	length(folds)
		}

		#	To	ensure	proper	cross-fitting,	folds	must	be	specified	along	with	Q0.	
		if(!is.null(Q0)	&	is.null(folds)){
				stop("folds	must	specified	if	Q0	is	specified.")
		}

		#	Print	a	message	clarifying	to	the	user	what	the	resource	constraint	is	imposing.
		if(kappa<1){
				message(paste0("The	resource	constraint	imposes	that	at	most	a	kappa=",kappa,"	proportion	of	the	population	can	receive	treatment	",txs[1],".")
		}

		#	If	baseline.probs	is	set	to	NULL,	then	the	mean	outcome	under	the	optimal	rule	is	reported	(i.e.,	this	value	is	not	contrasted	against	anything).
		#	To	achieve	this,	we	set	baseline.probs	to	be	a	vector	of	zeros
		if(length(baseline.probs)==0){
				baseline.probs	=	rep(0,length(txs))
		}

		#	if	any	Y	outcomes	are	missing	(Delta==0),	replace	NAs	by	zero
		#	note:	the	entries	of	Y	with	missing	values	are	not	used	in	downstream	code,
		#							but	if	they're	coded	as	NA	then	.sgtmle	will	yield	an	NA	confidence	interval
		#		due	to	the	appearance	of	a	weight	of	0	times	an	NA	outcome	in	the	computation
		#		of	the	influence	function
		Y[Delta==0	&	is.na(Y)]	=	0

		#	reformat	SL.library	so	that	it	is	a	list	of	length-1	or	length-2	vectors
		#	(where	the	first	entry	in	a	length-2	vector	is	the	learning	algorithm,
		#		the	second	is	the	screening	algorithm)
		SL.library	=	do.call(c,lapply(SL.library,function(z){
				if(length(z)>2){
						lapply(z[2:length(z)],function(zz){c(z[1],zz)})
				}	else	{
						return(list(z))
				}
		}))

		fits	=	lapply(1:num.est.rep,function(i){
				if(verbose)	message(paste0('Running	estimator	iteration	',i,'.'))
				if(length(init.ests.in)>0){
						init.ests	=	init.ests.in[[i]]
				}	else	{
						init.ests	=	.sgcvtmle.preprocess(W,A,Y,Delta,SL.library,OR.SL.library,prop.SL.library,missingness.SL.library,txs,family=family,g0=g0,Q0=Q0,num.folds
				}
				Q.est	=	init.ests$Q.est
				blip.est	=	init.ests$blip.est
				g.est	=	init.ests$g.est
				lib.blip.est	=	init.ests$lib.blip.est

				out	=	.sgtmle(W,A,Y,Delta,txs,Q.est,blip.est,g.est,baseline.probs,family=family,kappa=kappa,sig.trunc=sig.trunc,alpha=alpha,obsWeights=obsWeights
				if(lib.ests){
						out.lib	=	lapply(lib.blip.est,function(lbe.curr){
								return(.sgtmle(W,A,Y,Delta,txs,Q.est,lbe.curr,g.est,baseline.probs,family=family,kappa=kappa,sig.trunc=sig.trunc,alpha=alpha,obsWeights=obsWeights
						})
						out.list	=	list(ests=c(out$est,sapply(out.lib,function(x){x$est})),vars=c(var(out$ic),sapply(out.lib,function(x){var(x$ic)})),algs=c('SuperLearner'
				}	else	{
						out.list	=	list(ests=out$est,vars=var(out$ic),algs='SuperLearner')
				}
				if(init.ests.out){
						out.list	=	append(out.list,list(init.ests=init.ests))
				}
				return(out.list)
		})

		nms	=	fits[[1]]$algs

		est.mat	=	do.call(rbind,lapply(fits,function(x){x$ests}))
		rownames(est.mat)	=	paste0('Repetition	',1:nrow(est.mat))
		est	=	colMeans(est.mat)
		se	=	sqrt(colMeans(do.call(rbind,lapply(fits,function(x){x$vars})))/nrow(W))
		ci	=	cbind(est	-	qnorm(1-alpha/2)*se,est	+	qnorm(1-alpha/2)*se)
		colnames(ci)	=	c('lb','ub')

		colnames(est.mat)	<-	rownames(ci)	<-	names(est)	<-	nms

		out.list	=	list(est=est,ci=ci,est.mat=est.mat)
		if(init.ests.out){
				out.list	=	append(out.list,list(init.ests=lapply(fits,function(fit){fit$init.ests})))
		}

		return(out.list)
}
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Example: code for Luedtke et al. (2017)

.sgtmle	=	function(W,A,Y,Delta,txs,Q.est,blip.est,g.est,baseline.probs,family,kappa=1,sig.trunc=0.1,alpha=0.05,trunc.Q=c(0.005,0.995),obsWeights=NULL
		require(Hmisc)
		n	=	nrow(W)
		if(is.null(obsWeights))	obsWeights	=	rep(1,length(Y))
		obsWeights	=	obsWeights/mean(obsWeights)

		if(family$family=='binomial')	{
				for(i	in	seq(txs)){Q.est[,i]	=	pmin(pmax(Q.est[,i],trunc.Q[1]),trunc.Q[2])}
				offs	=	family$linkfun(Reduce("+",lapply(seq(txs),function(i){
						(A==txs[i])*Q.est[,i]
				})))
				offs[!(A	%in%	txs)]	=	0
		}	else	if(family$family=='gaussian'){
				offs	=	Reduce("+",lapply(seq(txs),function(i){(A==txs[i])*Q.est[,i]}))
		}	else	{
				stop("family	must	be	either	binomial	or	gaussian.")
		}

		#	treatment	effect	of	assigning	first	treatment	in	txs	vs	assigning	the	next	best	treatment
		#	useful	when	kappa<1	(so	that	there	is	a	constraint	on	this	first	treatment	resource)
		one.vs.next.best	=	blip.est[,1]	-	apply(blip.est[,-1,drop=FALSE],1,max)
		tau	=	wtd.quantile(one.vs.next.best,	obsWeights,	type="i/n",	probs=1-kappa)
		if(mean((one.vs.next.best>tau)	*	obsWeights)/mean(obsWeights)>kappa){
				tau	=	min(one.vs.next.best[one.vs.next.best>tau])
		}

		#	if	one.vs.next.best<tau,	then	the	individual	will	not	be	treated	with	tx	1	in	the	presence	of	the	resource	constraint
		blip.est[one.vs.next.best<tau,1]	=	-Inf

		#	probability	of	always	treating	someone	with	treatment	1	(one.vs.next.best>tau)
		alway.trt1.prob	=	mean((one.vs.next.best>tau)	*	obsWeights)
		#	probability	of	sometimes	treating	someone	with	treatment	1	(one.vs.next.best==tau)	--	prob	determined	by	resource	constraint
		sometimes.trt1.prob	=	mean((one.vs.next.best==tau)	*	obsWeights)

		#	vector	of	optimal	treatment	probabilities
		#	(allowed	to	be	stochastic	to	deal	with	resource	constraint.	typically	is	deterministic)
		g.star	=	t(apply(blip.est,1,function(xx){
				wm	=	which.max(xx)
				out	=	rep(0,length(xx))
				if((wm==1)	&	(xx[1]-max(xx[-1])==tau)){
						#	only	assign	treatment	1	with	the	probability	that	is	allowed	by	the	resource	constraint
						out[1]	=	(tau>0)*(kappa	-	alway.trt1.prob)/sometimes.trt1.prob
						#	otherwise	assign	the	second	best	treatment
						out[which.max(xx[-1])+1]	=	1-out[1]
				}	else	{
						out[wm]	=	1
				}
				return(out)
		}))

		H	=	Reduce("+",lapply(seq(txs),function(i){
				a	=	txs[i]
				Delta*(A==a)*(g.star[,i]-baseline.probs[i])/g.est[,i]
		}))

		eps	=	suppressWarnings(coef(glm(Y	~	-1	+	offset(offs)	+	H,family=family,weights=obsWeights)))

		Q	=	do.call(cbind,lapply(seq(txs),function(i){
				family$linkinv(family$linkfun(Q.est[,i])	+	eps*I(g.star[,i]-baseline.probs[i])/g.est[,i])
		}))

		QA	=	Reduce("+",lapply(seq(txs),function(i){(A==txs[i])*Q[,i]}))

		Q.contrast	=	Reduce("+",lapply(seq(txs),function(i){
				Q[,i]*(g.star[,i]-baseline.probs[i])
		}))

		est.add	=	mean(obsWeights	*	Q.contrast)

		ic.add	=	obsWeights	*	(H*(Y-QA)	-	max(tau,0)*(g.star[,1]-kappa)	+	Q.contrast	-	est.add)

		if(RR){	#	Get	a	targeted	estimate	of	mean	outcome	under	baseline.probs,	and	then	add	this	to	the	contrast	from	the	previous
				offs.bp	=	family$linkfun(Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]*Q.est[,i]})))
				H.bp	=	Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]*Delta*(A==txs[i])/g.est[,i]}))
				eps.bp	=	suppressWarnings(coef(glm(Y	~	-1	+	offset(offs.bp)	+	H.bp,family=family,weights=obsWeights)))
				Qbp.star	=	family$linkinv(offs.bp	+	eps.bp	*	Reduce("+",lapply(seq(txs),function(i){baseline.probs[i]/g.est[,i]})))
				EYbp.star	=	mean(obsWeights	*	Qbp.star)
				est	=	(1	-	(EYbp.star	+	est.add))/(1-EYbp.star)	#	recall:	relative	risk	of	1-Y,	since	Y	beneficial
				ic	=	-(ic.add/(1	-	(EYbp.star	+	est.add))	+	obsWeights	*	(H.bp	*	(Y-Qbp.star)	+	Qbp.star	-	EYbp.star)	*	(1/(1	-	(EYbp.star	+	est.add))-1/(1-EYbp.star
				ci	=	exp(log(est)	+	c(-1,1)	*	qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n))
		}	else	{
				est	=	est.add
				ic	=	ic.add
				ci	=	c(est-qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n),est+qnorm(1-alpha/2)*max(sd(ic),sig.trunc)/sqrt(n))
		}
		return(list(est=est,ci=ci,ic=ic))
}

#	Helper	function	used	by	sg.cvtmle
#	Inputs	the	same	as	for	those	functions

.sgcvtmle.preprocess	=	function(W,A,Y,Delta,SL.library,OR.SL.library,prop.SL.library,missingness.SL.library,txs,family,g0=NULL,Q0=NULL,num.folds=10
		require(SuperLearner)

		#	Recode	missing	Y	values	to	0
		Y[Delta==0]	=	0

		n	=	nrow(W)
		if(!is.null(id)	&	stratifyCV==TRUE)	stop('Stratified	sampling	with	id	not	currently	implemented.')
		if(is.null(folds)){
				folds	=	CVFolds(n,id,Y,SuperLearner.CV.control(stratifyCV=stratifyCV,V=num.folds))
		}

		ests	=	lapply(seq(folds),function(k){
				val.inds	=	folds[[k]]

				W.trn	=	W[-val.inds,,drop=FALSE]
				A.trn	=	A[-val.inds]
				Y.trn	=	Y[-val.inds]
				Delta.trn	=	Delta[-val.inds]
				W.val	=	W[val.inds,,drop=FALSE]
				A.val	=	A[val.inds]
				Y.val	=	Y[val.inds]
				Delta.val	=	Delta[val.inds]

				id.trn	=	id[-val.inds]
				obsWeights.trn	=	obsWeights[-val.inds]

				if(length(g0)==0){
						if((length(txs)==2)	&	all(Delta.trn==1)){	#	no	need	to	fit	propensity	for	both	treatments	if	there	are	only	two	treatments	and	no	outcomes	are	missing	(probabilities	add	to	1)
								g1	=	Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(as.numeric(A.trn==txs[1]),W.trn,newX=rbind(W.val,W.trn),family=binomial(),SL.library
								g	=	cbind(g1,1-g1)
						}	else	{
								g	=	do.call(cbind,lapply(txs,function(a){
										Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(as.numeric(A.trn==a),W.trn,newX=rbind(W.val,W.trn),family=binomial(),SL.library=
								}))
								if(any(rowSums(g)>1)){	#	if	the	estimated	treatment	probs	sum	to	more	than	1,	then	normalize
										sm	=	rowSums(g)
										inds	=	which(sm>1)
										for(i	in	1:ncol(g)){
												g[inds,i]	=	g[inds,i]/sm[inds]
										}
								}
						}
						g.val	=	g[1:nrow(W.val),]
						g.trn	=	g[(nrow(W.val)+1):nrow(W),]
				}	else	{
						g.val	=	g0[val.inds,]
						g.trn	=	g0[-val.inds,]
				}

				if(all(Delta.trn==1)){
						g.delta	=	rep(1,length(Delta))
				}	else	{
						g.delta	=	Reduce('+',lapply(1:num.SL.rep,function(i){SuperLearner(Delta.trn,data.frame(W.trn,A=A.trn),newX=rbind(data.frame(W.val,A=A.val),data.frame
				}
				g.delta.val	=	g.delta[1:nrow(W.val)]
				g.delta.trn	=	g.delta[(nrow(W.val)+1):nrow(W)]

				#	recode	A	so	that	it's	set	to	missing	(some	value	not	in	txs	--	max(txs)+1	will	work)
				#	whenever	Delta	is	set	to	missing
				A.val[Delta.val==0]	=	max(txs)	+	1
				A.trn[Delta.trn==0]	=	max(txs)	+	1
				#	modify	treatment	probability	to	also	account	for	missingness	probability
				g.val	=	g.val	*	do.call(cbind,lapply(1:length(txs),function(i){g.delta.val}))
				g.trn	=	g.trn	*	do.call(cbind,lapply(1:length(txs),function(i){g.delta.trn}))

				if(length(Q0)==0){
						#	fit	outcome	regression
						Qbar	=	do.call(cbind,lapply(txs,function(a){suppressWarnings(
								Reduce('+',lapply(1:num.SL.rep,function(i){
										if(sum(A.trn==a)>0){
												return(SuperLearner(
														Y.trn[A.trn==a],
														data.frame(W.trn,A=A.trn)[A.trn==a,],
														newX=data.frame(rbind(W.val,W.trn),A=a),
														family=family,
														SL.library=OR.SL.library,
														obsWeights=obsWeights.trn[A.trn==a],
														id=id.trn[A.trn==a],
														cvControl=SuperLearner.CV.control(stratifyCV=stratifyCV&(family$family=='binomial'),V=num.folds)
												)$SL.predict[,1])
										}	else	{
												#	warning("No	individuals	in	a	training	fold	received	one	of	the	two	treatments	when	estimating	the	outcome	regression.")
												return(rep(mean(Y.trn),nrow(W.val)+nrow(W.trn)))
										}
								}))/num.SL.rep)}
						))
				}	else	{
						Qbar	=	rbind(Q0[[k]][val.inds,],Q0[[k]][-val.inds,])
				}
				Q.val	=	Qbar[1:nrow(W.val),]

				tmp	=	lapply(seq(txs),function(i){
						a	=	txs[i]
						Z.trn	=	(A.trn==a)/((A.trn==a)*g.trn[,i]	+	(A.trn!=a))	*	(Y.trn-Qbar[(nrow(W.val)+1):nrow(W),i])	+	Qbar[(nrow(W.val)+1):nrow(W),i]	-	Delta.trn

						Reduce('+',lapply(1:num.SL.rep,function(j){
								SL	=	SuperLearner(Z.trn,W.trn,newX=W.val,SL.library=SL.library,obsWeights=obsWeights.trn,id=id.trn,cvControl=SuperLearner.CV.control(validRows
								cbind(SL$SL.predict[,1],SL$library.predict)}))/num.SL.rep
				})

				blip.est	=	do.call(cbind,lapply(tmp,function(tx_fit){tx_fit[,1]}))
				#	list	of	blip.est-like	objects,	one	for	each	learning	in	the	SL	library
				lib.blip.est	=	lapply(seq(SL.library),function(i){
						do.call(cbind,lapply(tmp,function(tx_fit){tx_fit[,i+1]}))
				})

				return(list(Q.val=Q.val,blip.est=blip.est,g.val=g.val,lib.blip.est=lib.blip.est))
		})

		Q.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$Q.val}))[order(unlist(folds)),]
		blip.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$blip.est}))[order(unlist(folds)),]
		g.est	=	do.call(rbind,lapply(ests,function(fold_ests){fold_ests$g.val}))[order(unlist(folds)),]
		lib.blip.est	=	lapply(seq(SL.library),function(i){do.call(rbind,lapply(ests,function(fold_ests){fold_ests$lib.blip.est[[i]]}))[order(unlist(folds

		return(list(Q.est=Q.est,blip.est=blip.est,g.est=g.est,lib.blip.est=lib.blip.est))
}

#'	CV-TMLE	Estimating	Impact	of	Treating	Optimal	Subgroup

sg.cvtmle	=	function(W,A,Y,SL.library,Delta=rep(1,length(A)),OR.SL.library=SL.library,prop.SL.library=SL.library,missingness.SL.library=SL.library,
		require(SuperLearner)

		if(any(names(list(...))=="bothactive"))	{
				warning("The	bothactive	option	is	deprecated.	Its	functionality	can	now	be	imitated	using	the	baseline.probs	argument.	To	imitate	bothactive=TRUE,	set	baseline.probs=c(0.5,0.5).	To	imitate	bothactive=FALSE,	set	txs=c(0,1)	and	baseline.probs=c(1,0)."
		}

		if(any(names(list(...))=="ipcw"))	{
				warning("The	ipcw	argument	is	deprecated.")
		}

		if(!(sum(obsWeights)	%in%	c(0,length(Y)))){
				warning('Renormalizing	obsWeights	so	they	sum	to	sample	size.')
				obsWeights	=	obsWeights/mean(obsWeights)
		}

		if(length(txs)!=length(unique(txs))){
				stop("txs	should	not	contain	any	duplicate	entries.")
		}

		if(length(txs)==1){
				stop("txs	should	contain	at	least	two	entries.")
		}

		#	if	init.ests.in	was	used,	make	sure	has	the	same	length	as	num.SL.rep
		#	(since	otherwise	there	may	be	a	user	input	error)
		if(length(init.ests.in)>0	&	(length(init.ests.in)!=num.est.rep)){
				stop("Length	of	init.ests.in	should	be	the	same	as	num.est.rep")
		}

		#	if	folds	is	specified,	then	ignore	the	value	of	num.est.rep	and	only	use	the
		#	supplied	folds	(corresponds	to	a	particular	realization	of	the	folds	that	could
		#	have	been	used	if	num.est.rep	had	been	1)
		if(num.est.rep>1	&	!is.null(folds)){
				warning("Because	the	folds	input	was	specified,	automatically	setting	num.est.rep	to	1.")
				num.est.rep	=	1
		}

		#	if	folds	is	specified,	then	stratifyCV	is	not	respected	for	the	purpose	of	choosing	folds	in
		#	the	outer	optimization.	Instead,	the	user	should	ensure	that	the	supplied	folds	are
		#	stratified	by	event	counts	if	desired
		if(stratifyCV	&	!is.null(folds)){
				warning("Because	the	folds	input	was	specified,	stratifyCV	will	only	be	used	to	stratify	inner	cross-validation	used	to	estimate	nuisance	functions.	If	stratification	based	on	event	count	is	desired	for	choosing	the	folds	in	the	outer	layer	of	cross-validation,	then	the	user	should	ensure	that	the	supplied	folds	respect	these	event	counts."
		}

		#	if	folds	is	specified,	then	num.folds	must	match	the	number	of	folds	in	folds.	If	it	doesn't,
		#	it	will	just	be	set	to	this	number.
		if(num.folds!=length(folds)	&	!is.null(folds)){
				warning("The	num.folds	input	must	match	the	length	of	num.folds.	Since	it	doesn't,	num.folds	has	been	reset	to	be	equal	to	length(num.folds).")
				num.folds	=	length(folds)
		}

		#	To	ensure	proper	cross-fitting,	folds	must	be	specified	along	with	Q0.	
		if(!is.null(Q0)	&	is.null(folds)){
				stop("folds	must	specified	if	Q0	is	specified.")
		}

		#	Print	a	message	clarifying	to	the	user	what	the	resource	constraint	is	imposing.
		if(kappa<1){
				message(paste0("The	resource	constraint	imposes	that	at	most	a	kappa=",kappa,"	proportion	of	the	population	can	receive	treatment	",txs[1],".")
		}

		#	If	baseline.probs	is	set	to	NULL,	then	the	mean	outcome	under	the	optimal	rule	is	reported	(i.e.,	this	value	is	not	contrasted	against	anything).
		#	To	achieve	this,	we	set	baseline.probs	to	be	a	vector	of	zeros
		if(length(baseline.probs)==0){
				baseline.probs	=	rep(0,length(txs))
		}

		#	if	any	Y	outcomes	are	missing	(Delta==0),	replace	NAs	by	zero
		#	note:	the	entries	of	Y	with	missing	values	are	not	used	in	downstream	code,
		#							but	if	they're	coded	as	NA	then	.sgtmle	will	yield	an	NA	confidence	interval
		#		due	to	the	appearance	of	a	weight	of	0	times	an	NA	outcome	in	the	computation
		#		of	the	influence	function
		Y[Delta==0	&	is.na(Y)]	=	0

		#	reformat	SL.library	so	that	it	is	a	list	of	length-1	or	length-2	vectors
		#	(where	the	first	entry	in	a	length-2	vector	is	the	learning	algorithm,
		#		the	second	is	the	screening	algorithm)
		SL.library	=	do.call(c,lapply(SL.library,function(z){
				if(length(z)>2){
						lapply(z[2:length(z)],function(zz){c(z[1],zz)})
				}	else	{
						return(list(z))
				}
		}))

		fits	=	lapply(1:num.est.rep,function(i){
				if(verbose)	message(paste0('Running	estimator	iteration	',i,'.'))
				if(length(init.ests.in)>0){
						init.ests	=	init.ests.in[[i]]
				}	else	{
						init.ests	=	.sgcvtmle.preprocess(W,A,Y,Delta,SL.library,OR.SL.library,prop.SL.library,missingness.SL.library,txs,family=family,g0=g0,Q0=Q0,num.folds
				}
				Q.est	=	init.ests$Q.est
				blip.est	=	init.ests$blip.est
				g.est	=	init.ests$g.est
				lib.blip.est	=	init.ests$lib.blip.est

				out	=	.sgtmle(W,A,Y,Delta,txs,Q.est,blip.est,g.est,baseline.probs,family=family,kappa=kappa,sig.trunc=sig.trunc,alpha=alpha,obsWeights=obsWeights
				if(lib.ests){
						out.lib	=	lapply(lib.blip.est,function(lbe.curr){
								return(.sgtmle(W,A,Y,Delta,txs,Q.est,lbe.curr,g.est,baseline.probs,family=family,kappa=kappa,sig.trunc=sig.trunc,alpha=alpha,obsWeights=obsWeights
						})
						out.list	=	list(ests=c(out$est,sapply(out.lib,function(x){x$est})),vars=c(var(out$ic),sapply(out.lib,function(x){var(x$ic)})),algs=c('SuperLearner'
				}	else	{
						out.list	=	list(ests=out$est,vars=var(out$ic),algs='SuperLearner')
				}
				if(init.ests.out){
						out.list	=	append(out.list,list(init.ests=init.ests))
				}
				return(out.list)
		})

		nms	=	fits[[1]]$algs

		est.mat	=	do.call(rbind,lapply(fits,function(x){x$ests}))
		rownames(est.mat)	=	paste0('Repetition	',1:nrow(est.mat))
		est	=	colMeans(est.mat)
		se	=	sqrt(colMeans(do.call(rbind,lapply(fits,function(x){x$vars})))/nrow(W))
		ci	=	cbind(est	-	qnorm(1-alpha/2)*se,est	+	qnorm(1-alpha/2)*se)
		colnames(ci)	=	c('lb','ub')

		colnames(est.mat)	<-	rownames(ci)	<-	names(est)	<-	nms

		out.list	=	list(est=est,ci=ci,est.mat=est.mat)
		if(init.ests.out){
				out.list	=	append(out.list,list(init.ests=lapply(fits,function(fit){fit$init.ests})))
		}

		return(out.list)
}
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Recap of the status quo

Implementing efficient estimators currently requires

Manually deriving the EIF

Implementing an estimator in software

These tasks are

time-consuming

error-prone
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Our objective: develop an algorithm to construct an efficient

estimator of any suitably ‘nice’ parameter
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Desideratum for our example

Want to estimate

ψ(P) = 1−
∫
{y − EP(Y |X = x)}2 dP(x , y)

VarP(Y )

with the following code:

1 P = Distribution(data=dat)

2 v = Var(P,'Y')

3 mu = E(P,'Y',indep_vars =['X1','X2'])

4 R2 = 1-E(P,(RV('Y')-mu)**2)/v

5 estimate(R2)

6 # Output: {'est ': 0.433 ,

7 # 'ci ': [0.393 , 0.474]}
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Background and our objective

Deriving the EIF with automatic differentiation

Implementing an estimator through probabilistic programming

Examples and experiments

Discussion
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I’ll focus on a nonparametric model today.
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An EIF is a gradient (Pfanzagl, 1982; van der Vaart, 1991b)

Differentiability of function h : Rd → R at a:

∃ gradient ∇h(a) s.t., for all aϵ = a+ ϵt,

h(aϵ)− h(a)

ϵ

ϵ→0−→ ⟨∇h(a) , t ⟩Rd .

Wikimedia Commons
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An EIF is a gradient (Pfanzagl, 1982; van der Vaart, 1991b)

Differentiability of function h : Rd → R at a:

∃ gradient ∇h(a) s.t., for all aϵ = a+ ϵt,

h(aϵ)− h(a)

ϵ

ϵ→0−→ ⟨∇h(a) , t ⟩Rd .

Wikimedia Commons

Pathwise differentiability of parameter ψ : M → R at P:

∃ EIF f s.t., for all {Pϵ : ϵ ∈ R} with Pϵ=0 = P and score s,1

ψ(Pϵ)− ψ(P)

ϵ

ϵ→0−→ ⟨ f , s ⟩L2(P).

1The EIF must also be P-mean zero and square integrable.
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Chain rule

Differentiable functions h : Rd → Rc satisfy a chain rule

We use this fact all the time! E.g., to differentiate

h(x , y) =
exy cos(x) + sin2(y) + log(x)

2x
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A chain rule for pathwise differentiability

Does pathwise differentiability satisfy a chain rule?

Yes!
Averbukh et al. (1967) and van der Vaart (1991) show it does for compositions like

17



A chain rule for pathwise differentiability

Does pathwise differentiability satisfy a chain rule?

Yes!
Averbukh et al. (1967) and van der Vaart (1991) show it does for compositions like

P
h1 =
θ1(P)

h2 = θ2(h1) . . . hk−1 =
θk−1(hk−2)

θk(hk−1)

Distribution Parameter, ψ(P)

17



A chain rule for pathwise differentiability

Does pathwise differentiability satisfy a chain rule?

Yes!
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h1 =
θ1(P)

h2 = θ2(h1) . . . hk−1 =
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Distribution Parameter, ψ(P)Elements of Hilbert spaces

17



A chain rule for pathwise differentiability

P
∫
q(z)2dzq

Example: Integral of density squared, ψ(P) =
∫
q(z)2dz

θ1(P) = q

θ2(q) =

∫
q(z)2 dz

18



A chain rule for pathwise differentiability

P EP [qY |X (Y |X )]qY |X

Non-example: Expected conditional density, ψ(P) = EP [qY |X (Y |X )]

θ1(P) = qY |X

θ2(qY |X )
?!
= EP [qY |X (Y |X )]
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A chain rule for pathwise differentiability

We let all maps in the composition potentially depend on P.

In its simplest form, this means letting:

P
h1 =
θ1(P)

h2 = θ2(h1) . . . hk−1 =
θk−1(hk−2)

θk(hk−1)
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A chain rule for pathwise differentiability

We let all maps in the composition potentially depend on P.

In its simplest form, this means letting:

P
h1 =
θ1(P)

h2 =
θ2(P, h1)

. . . hk−1 =
θk−1(P, hk−2)

θk(P, hk−1)
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Example: nonparametric R2 parameter

P

conditional mean
h2(x) = EP [Y |X = x ]

pointwise operation
h3(x , y) = [y − h2(x)]

2

marginal mean
h4 = EP [h3(X ,Y )]

variance
h1 = VarP(Y )

arithmetic
h5 = 1− h4/h1

0 P = Distribution(data=dat)

1 v = Var(P,'Y')

2 mu = E(P,'Y',indep_vars =['X1','X2'])

3 sq_resid = (RV('Y')-mu)**2

4 mean_sq_resid = E(P,sq_resid)

5 R2 = 1-mean_sq_resid/v
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We introduce a chain rule for differentiating any ψ expressible as follows:

Algorithm Takes as input P and returns ψ(P)

1: h1 = θ1(P, hpa(1))

2: h2 = θ2(P, hpa(2))
...

k: hk = θk(P, hpa(k))

return ψ(P) = hk

Each primitive θj must be totally pathwise differentiable
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Having a chain rule

enables

automatic differentiation

Algorithm Automatic differentiation to find the EIF

Require: h1, h2, . . . , hk

1: initialize f0, f1, f2, . . . , fk−1 = 0 and fk = 1

2: for j = k, k − 1, . . . , 1 do

3: augment (f0, fpa(j)) += θ̇∗j,P,hpa(j)
(fj)

4: return f0
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Examples of totally pathwise differentiable primitives

Conditional mean: θ(P, h)(·) = EP [ h(Z) | X = · ]

Conditional variance: θ(P, h)(·) = VarP [ h(Z) | X = · ]

Conditional density: θ(P, h) = pY |X

Squared L2 norm: θ(P, h) =

∫
h(z)2 dz

Also: differentiable functions, optimal values, pointwise operations, . . .
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Background and our objective

Deriving the EIF with automatic differentiation

Implementing an estimator through probabilistic programming

Examples and experiments

Discussion
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Probabilistic programming

Probabilistic programming unifies

traditional programming, and

statistical inference

Examples:

Stan (Stan Development Team, 2024)

Edward (Tran et al., 2017)

Pyro (Bingham et al., 2019)
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To date, there is no probabilistic programming language for constructing

efficient estimators in nonparametric models.
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High-level overview of our approach

Algorithm Takes as input P and returns ψ(P)

1: h1 = θ1(P, hpa(1))

2: h2 = θ2(P, hpa(2))
...

k: hk = θk(P, hpa(k))

return ψ(P) = hk

Nuisances are estimated in a just-in-time fashion
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k: ĥk = θk(P̂k , ĥpa(k))
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Example: initial estimate of the nonparametric R2

Data

conditional mean
ĥ2(x) = EP̂2

[Y |X = x ]
pointwise operation

ĥ3(x , y) = [y − ĥ2(x)]
2

marginal mean
ĥ4 = EP̂4

[ĥ3(X ,Y )]

variance
ĥ1 = VarP̂1

(Y )
arithmetic

ĥ5 = 1− ĥ4/ĥ1

0 P = Distribution(data=dat)

1 v = Var(P,'Y')

2 mu = E(P,'Y',indep_vars =['X1','X2'])

3 sq_resid = (RV('Y')-mu)**2

4 mean_sq_resid = E(P,sq_resid)

5 R2 = 1-mean_sq_resid/v
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0 P = Distribution(data=dat)

1 v = Var(P,'Y')

2 mu = E(P,'Y',indep_vars =['X1','X2'])

3 sq_resid = (RV('Y')-mu)**2

4 mean_sq_resid = E(P,sq_resid)

5 R2 = 1-mean_sq_resid/v

29



Example: initial estimate of the nonparametric R2

Data

conditional mean
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[ĥ3(X ,Y )]

variance
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Debiasing and confidence interval construction

A similar just-in-time approach is used to estimate the EIF f̂

Final estimator is a one-step estimator

ψ̂OS = ψ̂ +
1

n

n∑
i=1

f̂ (Zi )

with 95% CI

ψ̂OS ± 1.96
σ̂

n1/2
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Nonparametric R2

Observe n iid draws of (X ,Y ) ∼ P

X = (X1,X2) with X1,X2
iid∼ Unif[−1, 1]

Y |X ∼ N( 25
9
X 2

1 , 1)

1 P = Distribution(data=dat)

2 v = Var(P,'Y')

3 mu = E(P,'Y',indep_vars =['X1','X2'])

4 R2 = 1-E(P,(RV('Y')-mu)**2)/v

5 estimate(R2)
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Nonparametric R2 results

n Coverage Rel. Width Rel. Variance Bias2/MSE
≥ 95% ≤ 1.00 ≤ 1.00 = 0.00

250 87% 0.89 1.12 0.10
1000 92% 0.94 1.05 0.05
4000 94% 0.97 1.03 0.00
16000 93% 0.98 1.10 0.01
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Further examples

Integral of density squared (Bickel and Ritov, 1988)

Longitudinal G-formula (Robins, 1986; Bang et al., 2005)
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Further examples

Integral of density squared (Bickel and Ritov, 1988)

1 P = Distribution(data=dat)

2 dens = Density(P, 'Z')
3 expected_density = E(P,dens)

4 estimate(expected_density)

Longitudinal G-formula (Robins, 1986; Bang et al., 2005)

1 P = Distribution(data=dat)

2 T = 3

3 mu = 'Y'
4 for t in reversed(range(T)):

5 H = [f'X{j}' for j in range(t+1)]+[f'A{j}' for j in range(t)]

6 mu = E(P,dep=mu,indep_vars=H, fixed_vars ={f'A{t}==1'})
7 mu = E(P,dep=mu)

8 estimate(mu)
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Parameter representation is not unique

The same parameter can be expressed in different ways.

Simple analogy: f (x) = 2x2 + 1 can be a composition g ◦ h of

g(u) = 2u + 1 and h(x) = x2

g(u) = cosh(u) and h(x) = 2 sinh−1(x)

g(u) = 2u1/2 + 1 and h(x) = x4

Some representations can be used to automatically compute f ′(0), but some can’t.
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Parameter representation is not unique

The same parameter can be expressed in different ways.

The way the parameter is expressed has statistical consequences:

1. It determines the nuisances that must be estimated.

E.g., ψ(P) = EP [Z ]
2 can be expressed in a way that requires either

• estimating a density, or

• estimating a mean.

2. It changes the required convergence rate conditions for efficiency.

Future work: Is there an algorithm to find a representation that simplifies nuisance estimation?
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A word of caution

Any automated approach to inference has a potential for abuse

The validity of the proposed methods relies on regularity conditions

Interpretable by experts, but software can be used without consulting them

Possible software improvement:

return a list of regularity conditions along with the estimate?
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A new workflow for debiased inference

New approach suggests refocusing research effort:

Current practice: derive the EIF for each new parameter

Proposed alternative: establish differentiability of novel, reusable primitives.

Provides a path to rapidly translate new developments from theory to practice:

Iterative debiasing, novel cross-fitting schemes, shape constraints, etc.
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Python package

Proof-of-concept Python package available on PyPi:

pydimple
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One-step estimation (extra details)

One-step estimation often used to construct efficient estimators:

initial estimator + debiasing term

In parametric models: update β̂ with one step of Newton’s method to solve

1

n

n∑
i=1

ℓ̇β(Zi ) = 0, ,

yielding

β̂ +
1

n

n∑
i=1

I−1

β̂
ℓ̇β̂(Zi )
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Examples of totally pathwise differentiable primitives θ : U → W
U W θ(P, u)

Conditional mean L2(Q) L2(QX ) EP [u(Z) |X = · ]
Conditional variance L2(Q) L2(QX ) VarP [u(Z) |X = · ]
Conditional covariance L2(Q)⊕2 L2(QX ) covP [u1(Z), u2(Z) |X = · ]
Optimal value U R miny∈YFy (P, u)

Optimal solution U Rd argminw∈W Fw (P, u)

Conditional density {0} L2(Q) pY |X , with Z = (X ,Y )

Counterfactual density {0} L2(λ) y 7→ EP [p(y |A = 1,X )]

Hadamard diff. map U W ζ(u)

ë Inner product R⊕R R ⟨u1, u2⟩R, with u = (u1, u2)

ë Squared norm U R ∥u∥2T
ë Differentiable function Rd R ζ(u)

ë Pointwise operations L2(λ)⊕d L2(λ) x 7→ fx ◦ ū(x), with ū(x) = (uj(x))
d
j=1

ë Constant map {0} W c, with c ∈ W
ë Coordinate projection R1 ⊕R2 R1 u1, with u = (u1, u2)

ë Change of measure L2(λ1) L2(λ2) u

ë Lift to new domain L2(QX ) L2(Q) z 7→ u(x)

ë Fix binary argument L2(QA,X ) L2(QX ) x 7→ u(1, x)
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Example: nonparametric R2 parameter (extra details)

P

conditional mean
h2(x) = EP [Y |X = x ]

pointwise operation
h3(x , y) = [y − h2(x)]

2

marginal mean
h4 = EP [h3(X ,Y )]

variance
h1 = VarP(Y )

arithmetic
h5 = 1− h4/h1

0 P = Distribution(data=dat) P

1 v = Var(P,'Y') VarP(Y )

2 mu = E(P,'Y',indep_vars =['X1','X2']) EP [Y |X = · ]
3 sq_resid = (RV('Y')-mu)**2 (Y − EP [Y |X ])2

4 mean_sq_resid = E(P,sq_resid) EP [(Y − EP [Y |X ])2]

5 R2 = 1-mean_sq_resid/v ψ(P)
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Integral of density squared

Observe n iid draws of Z ∼ Beta(3, 5)

1 P = Distribution(data=dat)

2 dens = Density(P, 'Z')

3 expected_density = E(P,dens)

4 estimate(expected_density)
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Integral of density squared results

n Coverage Rel. Width Rel. Variance Bias2/MSE
≥ 95% ≤ 1.00 ≤ 1.00 = 0.00

250 91% 0.94 1.13 0.04
1000 92% 0.96 0.95 0.07
4000 93% 0.97 1.06 0.02
16000 95% 0.98 0.98 0.03
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Longitudinal G-formula (Robins, 1986; Bang et al., 2005)

Observe n iid draws of HT = (X0,A0,X1,A1, . . . ,XT−1,AT−1,Y )

(Xt ,At) a covariate-treatment pair at time t

Y an outcome

Ht = (X0,A0, . . . ,At−1,Xt) denotes history before treatment t

ψ(P) defined recursively by letting

µP,T (hT ) = y

µP,t(ht) = EP [µP,t+1(Ht+1) |At = 1,Ht = ht ] for t = T − 1,T − 2, . . . , 0

ψ(P) = EP [µP,0(H0)]

EIF takes the form

f (hT+1) = µP,0(h0)− ψ(P) +
T−1∑
t=0

[
t∏

s=0

1(as = 1)

P(As = 1 |Hs = hs)

]
[µP,t+1(ht+1)− µP,t(ht)] .
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Longitudinal G-formula (Robins, 1986; Bang et al., 2005)

1 P = Distribution(data=dat)
2 T = 3
3 mu = 'Y'
4 for t in reversed(range(T)):
5 H = [f'X{j}' for j in range(t+1)]+[f'A{j}' for j in range(t)]
6 mu = E(P,dep=mu,indep_vars=H, fixed_vars ={f'A{t}==1'})
7 mu = E(P,dep=mu)
8 estimate(mu)
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Longitudinal G-formula results

n Coverage Rel. Width Rel. Variance Bias2/MSE
≥ 95% ≤ 1.00 ≤ 1.00 = 0.00

250 79% 1.09 4.44 0.12
1000 93% 1.28 2.01 0.02
4000 94% 1.25 2.10 0.01
16000 94% 1.06 1.26 0.00
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