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Early work on distributional treatment effects

Bitler et al. (2006) studied the effect of welfare reforms on earnings

What Mean Impacts Miss: Distributional Effects of Welfare
Reform Experiments

By MARIANNE P. BITLER, JONAH B. GELBACH, AND HILARY W. HOYNES*

Labor supply theory predicts systematic heterogeneity in the impact of recent welfare
reforms on earnings, transfers, and income. Yet most welfare reform research focuses
on mean impacts. We investigate the importance of heterogeneity using random-
assignment data from Connecticut’s Jobs First waiver, which features key elements of
post-1996 welfare programs. Estimated quantile treatment effects exhibit the substantial
heterogeneity predicted by labor supply theory. Thus mean impacts miss a great deal.
Looking separately at samples of dropouts and other women does not improve the
performance of mean impacts. We conclude that welfare reform’s effects are likely both
more varied and more extensive than has been recognized. (JEL D31, I38, J31)

Nearly a decade has now passed since the elim-
ination of Aid to Families with Dependent Chil-
dren (AFDC), the principal U.S. cash assistance
program for six decades. In 1996, enactment of

the Personal Responsibility and Work Opportu-
nity Reconciliation Act (PRWORA) required all
50 states to replace AFDC with a Temporary
Assistance for Needy Families (TANF) program.
State TANF programs differ from AFDC in many
fundamental ways. For example, TANF programs
include lifetime limits on program participation,
enhanced work incentives through expanded earn-
ings disregards, stringent work requirements, and
financial sanctions for failure to comply with these
requirements.

In evaluating the economic effects of welfare
reform, it is of first-order importance to assess
how reform affects family earnings and income.
We start with the simple observation that theory
makes heterogeneous predictions concerning
the sign and magnitude of the response of labor
supply and welfare use to these reforms. Not-
withstanding this observation, the vast majority
of welfare reform studies rely on estimating
mean impacts. Theory predicts that these mean
impacts will average together positive and neg-
ative labor supply responses, possibly obscuring
the extent of welfare reform’s effects. There-
fore, a critical element in evaluating recent dra-
matic changes in welfare policy is to measure
TANF’s impact on earnings and income in a
way that allows for heterogeneous treatment
effects. That is the focus of this study.

An enormous welfare reform literature has de-
veloped in the last several years. We confine
our discussion of this literature to a few par-
ticularly relevant papers; excellent compre-
hensive summaries of the literature appear in
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bitler@ppic.org); Gelbach: Department of Economics, Uni-
versity of Maryland at College Park, College Park, MD
20742, and Florida State University College of Law (e-mail:
gelbach@glue.umd.edu); Hoynes: Department of Econom-
ics, University of California, Davis, 1152 Social Science
and Humanities Building, One Shields Avenue, Davis, CA
95616 (e-mail: hwhoynes@ucdavis.edu). Bitler gratefully
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conclusions are those of the authors and do not necessarily
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used in this paper are derived from data files made available
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Early work on distributional treatment effects

Average treatment effect ≈ 0, so instead considered

QTE(q) =
(
q-Quantile under Treatment

)
−
(
q-Quantile under Control

)

Different regions exhibited different behavior:
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QTE curve summarization via 2-Wasserstein distance
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Goal: Summarize extent to which the QTE curve is different from 0.

Approach: For P1,P0 potential outcome distributions, use

W 2
2 (P1,P0) =

∫ 1

0

QTE2(q) dq,
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Confidence intervals for 2-Wasserstein distance

Balakrishnan et al. (2025) show how to derive n−1/2-rate confidence intervals for

W 2
2 (P1,P0) =

∫ 1

0

QTE2(q) dq.

Identification strategy: no-unmeasured confounders (G-formula):

Pa(Y ∈ B) =
∫

P(Y ∈ B |A = a,X = x) dPX (x)

Same strategy I’ll use today.
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Beyond dimension 1

For higher dimensional outcomes Y1,Y0 ∈ Rd , 2-Wasserstein definition generalizes as

W 2
2 (P1,P0) = minimize

(Y ′
1 ,Y

′
0 )

E
[
∥Y ′

1 − Y ′
0∥22

]
subject to Y ′

a
d
= Ya.

Also expressible via (randomized) transport maps from control to treatment outcomes
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Challenges with 2-Wasserstein distance beyond dimension 1

Even in non-causal settings, there are challenges with trying to characterize behavior of
W 2

2 (Pn,Qn), for Pn,Qn empirical distributions:

1) Only implicitly defined: no simple quantile representation.

2) Nonsmooth: generally only directionally differentiable, so asymptotics nonstandard.

3) Curse of dimensionality: under null that P = Q, n−2/d decay rate if d > 4.
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Alternative approach: counterfactual maximum mean discrepancy

Muandet et al. (2021) introduced the distributional treatment effect:

MMD(P1,P0) = sup
f∈unit ball of RKHS

∫
f d(P1 − P0)

Doubly robust estimators with weak convergence guarantees are available
(Fawkes et al., 2022; Martinez Taboada et al., 2023; Luedtke and Chung, 2024)
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‘Flat’ geometry induced by MMDs (Feydy et al., 2019)

Goal: Distinguish between two Gaussians with different means.
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‘Flat’ geometry induced by MMDs (Feydy et al., 2019)

Goal: Distinguish between two Gaussians with different means.

Gaussian-kernel MMD saturates, not distinguishing between ‘different’ and ‘very different’.

Unless stated otherwise, all bandwidths/regularization levels in this talk are chosen via the median heuristic. 10



‘Flat’ geometry induced by MMDs (Feydy et al., 2019)

Goal: Distinguish between two Gaussians with different means.

2-Wasserstein does not saturate.

10



‘Flat’ geometry induced by MMDs (Feydy et al., 2019)

Goal: Distinguish between two Gaussians with different means.

2-Wasserstein does not saturate.

10



Similar flat geometry in other settings

Summary of what we’ve seen so far:

W2 has compelling geometric properties

MMD is easy to work with statistically

Sinkhorn divergence attains both properties (Ramdas et al., 2017; Feydy et al., 2019)
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Similar flat geometry in other settings

Summary of what we’ve seen so far:

W2 has compelling geometric properties

MMD is easy to work with statistically

Sinkhorn divergence ← the focus of this talk
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Our contributions

New estimand: the Sinkhorn treatment effect.

1st- and 2nd- (!) order influence functions for this new estimand.

Debiased estimators/tests with theoretical guarantees.
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Sinkhorn treatment effects
Definition
First-order estimation
Second-order estimation and testing H0 : P1 = P0

Numerical experiments

Conclusion and future work
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Sinkhorn treatment effect: formal definition

To define the Sinkhorn treatment effect:

minimize
(Y ′

1 ,Y
′
0 )

E
[
∥Y ′

1 − Y ′
0∥22

]
subject to Y ′

a
d
= Ya.

Sinkhornε(P1,P0) =

OTε(P1,P0)− 1
2

∑1
a=0 OTε(Pa,Pa)

To simplify notation, I’ll suppress the dependence of Sinkhornε on ε hereafter.
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Sinkhorn treatment effect: formal definition

To define the Sinkhorn treatment effect:

Re-center to get a semimetric.

ë Satisfies all properties of a metric except the triangle inequality.
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First-order estimation

With P1,P0 identified through the G-formula, define the observed data parameter

S(P) = Sinkhorn(P1,P0).

We derive the efficient influence function of S, yielding the von Mises approximation

S(P) ≈ S(P̂) +

∫
ṠP̂ dP,

with P̂ an initial estimator of P.

This suggests using the one-step estimator

S(P) ≈ S(P̂) + 1
n

∑n
i=1 ṠP̂(Zi ).
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Confidence intervals

Ŝone-step ± 1.96
ŜtdDev(ṠP̂)

n1/2

has 95% asymptotic coverage under conditions.

Important condition: efficient influence function is nondegenerate, i.e., StdDev(ṠP) > 0.

This standard deviation converges to zero in an important special case, namely under

H0 : P1 = P0
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Testing the null via second-order influence functions

To test H0, we seek to use a von Mises approximation with first- and second- order terms:

S(P) ≈ S(P̂) +
∫
ṠP̂ dP + 1

2

∫
S̈P̂ d(P ⊗ P) .

This would then suggest using the approximation

S(P) ≈ S(P̂) +
1

n

n∑
i=1

ṠP̂(Zi )

︸ ︷︷ ︸
Ŝone-step

+
1

2

(
n

2

)−1 ∑
i<j

S̈P̂(Zi ,Zj)

︸ ︷︷ ︸
1
2 UnS̈P̂

.
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ṠP̂(Zi )

︸ ︷︷ ︸
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1. MAIN DISCUSSION

The concept of influence function of an estimator
was originally coined in the theory of robust statistics,
and as an asymptotic influence function played a role in
the development of semiparametric statistics ([2, 3]). If
an estimator Tn of a quantity µ based on a random
sample of observations X1,X2, . . . ,Xn possesses an
asymptotic expansion of the form

Tn = µ + 1
n

n∑

i=1

ψ(Xi) + oP
(
n!1/2)

,(1.1)

then the function ψ is its asymptotic influence function.
The name derives from the fact that if an observation
Xi is replaced by a value x, then the change in the esti-
mator is n!1(ψ(x) ! ψ(Xi)), at least if the remainder
term oP (n!1/2) is neglected. The estimator is “asymp-
totically robust” if this change is bounded in x, that is,
if the influence function ψ is bounded.

Semiparametric theory as developed in the 1980s/90s
was not concerned with robustness, but with efficient
estimation. Provided that the variables ψ(Xi) have
zero mean and finite variance, the expansion (1.1) im-
plies that the sequence

√
n(Tn ! µ) is asymptotically

normally distributed with mean zero. Among differ-
ent asymptotically unbiased estimators, the ones with
small asymptotic variance are preferred. Semiparamet-
ric lower bound theory showed that under so-called
“asymptotic regularity” estimators with an expansion
(1.1) with ψ the efficient influence function attain the
smallest variance. Furthermore, it showed how to com-
pute the latter function from the tangent space of the
underlying semiparametric model ([4, 7, 1], and [17]).

Aad van der Vaart is Professor, Mathematical Institute,
Leiden University, P. O. Box 9512, 2300 RA Leiden, The
Netherlands (e-mail: avdvaart@math.leidenuniv.nl).

Higher order tangent spaces and influence functions
are generalizations of these concepts, but were devel-
oped by Robins et al. [9] from the perspective of con-
structing estimators rather than asymptotic efficiency.
Thus, it will be fruitful to also give the definitions of
influence functions and tangent spaces from the point
of view of constructing estimators.

Assume that the observations X1, . . . ,Xn are a ran-
dom sample from a distribution Pη with density pη rel-
ative to a measure µ on a sample space (X ,A). The pa-
rameter η is known to belong to a subset H of a normed
space, and it is desired to estimate the value χ(η) of a
functional χ :H → R. Interest is in the situation of a
semiparametric or nonparametric model, where H is
infinite-dimensional and the dependence η $→ pη is as-
sumed smooth (as in [16]).

Given a “consistent” initial estimator η̂ of η, the
“plug-in estimator” χ(η̂) is typically consistent for the
parameter of interest χ(η), but it may not be a good es-
timator. In particular, if η̂ is a general purpose estima-
tor, not specially constructed to yield a good plug-in,
then χ(η̂) will often have a suboptimal precision. To
gain insight in this situation assume that the parameter
permits a Taylor expansion of the form

χ(η) = χ(η̂) + χ ′
η̂(η ! η̂) + O

(‖η ! η̂‖2)
.(1.2)

Such an expansion suggests that the plug-in estimator
will have an error of the order OP (‖η ! η̂‖), unless the
linear term χ ′

η̂
(η! η̂) in the expansion vanishes and the

error has the square of this order. For a large parameter
set, the latter estimation error will typically be large.

The expansion (1.2) also suggests that better estima-
tors can be obtained by “estimating” the linear term.

679

Unfortunately, there is no such free lunch: one cannot seriously correct bias

without seriously increasing the variance. Although Eq. 1.12 and the preceding

heuristics are correct, they do not apply, as higher-order influence functions

typically do not exist. Besides by a lack of invertibility of the map η 7→ pη,

this is caused by failure of a higher order von Mises type representation.
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Abstract: We present a theory of point and interval estimation for nonlinear
functionals in parametric, semi-, and non-parametric models based on higher
order influence functions (Robins (2004), Section 9; Li et al. (2004), Tchetgen
et al. (2006), Robins et al. (2007)). Higher order influence functions are higher
order U-statistics. Our theory extends the first order semiparametric theory of
Bickel et al. (1993) and van der Vaart (1991) by incorporating the theory of
higher order scores considered by Pfanzagl (1990), Small and McLeish (1994)
and Lindsay and Waterman (1996). The theory reproduces many previous
results, produces new non-

√
n results, and opens up the ability to perform op-

timal non-
√

n inference in complex high dimensional models. We present novel
rate-optimal point and interval estimators for various functionals of central
importance to biostatistics in settings in which estimation at the expected

√
n

rate is not possible, owing to the curse of dimensionality. We also show that our
higher order influence functions have a multi-robustness property that extends
the double robustness property of first order influence functions described by
Robins and Rotnitzky (2001) and van der Laan and Robins (2003).

1. Introduction

Over the past 3 years, we have developed a theory of point and interval estimation
for nonlinear functionals ω (F ) in parametric, semi-, and non-parametric models
based on higher order likelihood scores and influence functions that applies equally
to both

→
n and non-

→
n problems (Robins [16], Section 9, Li et al. [9], Tchetgen

et al. [21], Robins et al. [18]). The theory reproduces results previously obtained
by the modern theory of non-parametric inference, produces many new non-

→
n

results, and most importantly opens up the ability to perform non-
→

n inference in
complex high dimensional models, such as models for the estimation of the causal
effect of time varying treatments in the presence of time varying confounding and
informative censoring. See Tchetgen et al. [22] for examples of the latter.

Higher order influence functions are higher order U-statistics. Our theory extends
the first order semiparametric theory of Bickel et al. [3] and van der Vaart [25] by
incorporating the theory of higher order scores and Bhattacharrya bases considered
by Pfanzagl [11], Small and McLeish [20] and Lindsay and Waterman [8].
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2Vrije Universiteit Amsterdam, Department of Mathematics, e-mail: aad@cs.vu.nl
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Keywords and phrases: influence functions, nonparametric, minimax, robust inference, U-

statistics.

335

Robins et al. gave many interesting examples; none have 2nd-order influence functions:

Example 1a (Expected product of conditional expectations). . . .

Example 1b (Expected conditional covariance). . . .

Example 1c (Variance-weighted average treatment effect). . . .

...

Example 4 (Confidence intervals for the optimal treatment strategy). . . .
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the first order semiparametric theory of Bickel et al. [3] and van der Vaart [25] by
incorporating the theory of higher order scores and Bhattacharrya bases considered
by Pfanzagl [11], Small and McLeish [20] and Lindsay and Waterman [8].
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Robins et al. gave many interesting examples; none have 2nd-order influence functions:

Example 1a (Expected product of conditional expectations). . . .

Example 1b (Expected conditional covariance). . . .

Example 1c (Variance-weighted average treatment effect). . . .

...

Example 4 (Confidence intervals for the optimal treatment strategy). . . . 21



Settings I’m aware of where 2nd-order influence functions exist

1) Parametric models and projections onto them (Robins et al., 2008).

2) Maximum mean discrepancy between pushforwards of (possibly unknown) functions,
under the null that they’re the same (Luedtke, Carone, et al., 2019).

3) Squared Hilbert norms of Hilbert-valued parameters ψ that have an efficient influence
function, under H0 : ψ(P) = 0 (Luedtke and Chung, 2024; Agarwal et al., 2026).

4) Second-order Hadamard differentiable maps of expectation operators (Ren et al.,
2001; Keller, 2006).

Important example: (non-causal) Sinkhorn divergence
(Goldfeld et al., 2024; Lavenant et al., 2024; Kokot et al., 2025)
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d
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2nd-order influence function of Sinkhorn treatment effect under H0

Recall: a (nonparametric) second-order influence function yields

S(P) ≈ Ŝone-step + 1
2 Un S̈P̂ ,

the usual first-order one-step estimator plus a second-order correction.

We show this (nonparametric) influence function exists under H0 : P1 = P0, taking the form

S̈P(z1, z2) = AIPWTransform⊗2
P ( kP0

)(z1, z2)

,
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2 Un S̈P̂ .

We show this (nonparametric) influence function exists under H0 : P1 = P0, taking the form

S̈P(z1, z2) = AIPWTransform⊗2
P ( kP0

)(z1, z2),

where kP1 : Y × Y → R is the

(uncentered) 2nd-order influence function of P1 7→ Sinkhorn(P1,P0) at P1 = P0.

Explicit forms derived in Lavenant et al. (2024) and Kokot and Luedtke (2025).
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S(P) ≈ Ŝone-step + 1
2 Un S̈P̂ .

We show this (nonparametric) influence function exists under H0 : P1 = P0, taking the form

S̈P(z1, z2) =
(
AIPWTransformP ⊗ AIPWTransformP

)
( kP0

)(z1, z2),

23



2nd-order influence function of Sinkhorn treatment effect under H0

Recall: a (nonparametric) second-order influence function yields
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S̈P(z1, z2) =
(
AIPWTransformP ⊗ AIPWTransformP

)
( kP0

)(z1, z2),

where

AIPWTransformP(f ) = EIF of the Avg Treatment Effect on f (Y ), ∀f : Y → R
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2nd-order influence function of Sinkhorn treatment effect under H0

Recall: a (nonparametric) second-order influence function yields

S(P) ≈ Ŝone-step + 1
2 Un S̈P̂ .

We show this (nonparametric) influence function exists under H0 : P1 = P0, taking the form

S̈P(z1, z2) =
(
AIPWTransformP ⊗ AIPWTransformP

)
( kP0

)(z1, z2),

where

AIPWTransformP(f ) : (x , a, y) 7→
2a−1

P(A=a | x) {f (y)− EP [f (Y ) | a, x ]}
+ EP [f (Y ) |A = 1, x ]− EP [f (Y ) |A = 0, x ]− ATEP(f ).

23



2nd-order influence function of Sinkhorn treatment effect under H0

Recall: a (nonparametric) second-order influence function yields
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( kP0

)(z1, z2)

,

Potential problem: When P̂1 ̸= P̂0, 2nd-order influence function S̈P̂ need not exist.

ë Good news! We show can use an obvious extension: replace P by P̂ above.
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Chain rule: strategy for establishing 2nd-order differentiability

P

KME(P1)

KME(P0)

P1 ∈ ℓ∞(F)

P0 ∈ ℓ∞(F)

Sinkhorn(P1,P0)

Proof strategy: Write estimand as a composition of smooth maps, and apply a chain rule.

1) Kernel mean embedding: P 7→ KME(Pa) (Luedtke and Chung, 2024)

2) Isometric embedding into ℓ∞(F): KME(Pa) 7→ (f 7→ Paf )

3) Sinkhorn divergence: (P1,P0) 7→ Sinkhorn(P1,P0) (Lavenant et al., 2024)
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ë Sobolev kernel (fixed s > d/2)
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1) Kernel mean embedding: P 7→ KME(Pa) (Luedtke and Chung, 2024)

2) Isometric embedding into ℓ∞(F): KME(Pa) 7→ (f 7→ Paf )

ë F = the unit ball in the Sobolev RKHS
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What’s special about the null?

S = Sinkhorn ◦µ, with counterfactual mean embedding µ(P) =
(
KME(P1), KME(P0)

)
.

Second-order chain rule for S̈P :

D2SP = D2 Sinkhorn
(
DµP , DµP

)

︸ ︷︷ ︸
harmless

+ D Sinkhorn
(
D2µP

)

︸ ︷︷ ︸
problematic

.
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What’s special about the null?

S = Sinkhorn ◦µ, with counterfactual mean embedding µ(P) =
(
KME(P1), KME(P0)

)
.

Second-order chain rule for S̈P :

D2SP = D2 Sinkhorn
(
DµP , DµP

)︸ ︷︷ ︸
harmless

+ D Sinkhorn
(
D2µP

)︸ ︷︷ ︸
problematic

.

� D2µP (causal curvature) usually has no 2nd-order IF (Robins et al., 2008).
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Under H0 : P1 = P0 , Sinkhorn is minimized, so its first derivative vanishes:

D Sinkhorn( · ) = 0

=⇒ D Sinkhorn
(
D2µP

)
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)
.

Second-order chain rule for S̈P :

D2SP = D2 Sinkhorn
(
DµP , DµP

)

︸ ︷︷ ︸
harmless

+ D Sinkhorn
(
D2µP

)

︸ ︷︷ ︸
problematic

.

Under H0 : P1 = P0 , Sinkhorn is minimized, so its first derivative vanishes

Only the harmless term survives, so a 2nd-order influence function S̈P exists under H0 .
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Weak convergence under the null

Theorem (informal): Suppose H0 : P1 = P0 and

1) the extension S̈P̂ is L2-consistent for S̈P ;

← arbitrarily slow rate allowed

2) a doubly robust remainder is op(n
−1/2);

← n−1/4 nuisance rates

3) the third-order von Mises remainder is op(n
−1).

← n−1/3 nuisance rates

Then, the 2nd-order estimator satisfies

n
[
Ŝone-step + 1

2UnS̈P̂ − Sinkhorn(P1,P0)
]

= n
2UnS̈P + op(1)

← asymptotically quadratic

d→
∞∑
j=1

λj
2

[
χ2
j (1)− 1

]
.

← usual degenerate U-stat limit
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Other theoretical properties

Under the null: Previous slide ensures proper type 1 error if test rejects when

n
[
Ŝone-step + 1

2UnS̈P̂

]
> (1− α) quantile of U-stat limit

Under a fixed alternative: Under similar nuisance rate conditions to those used earlier,

Ŝone-step + 1
2UnS̈P̂ = Ŝone-step + op(n

−1/2).

Hence, 2nd-order estimator inherits asymptotic normality of the one-step estimator .

ë In particular, this ensures the test has power against fixed alternatives .
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Distributional treatment effects

Sinkhorn treatment effects

Numerical experiments

Conclusion and future work

28



Simulation setting: detecting 2d mean and variance shifts
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Simulation results: type 1 error
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Simulation results: power
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Recap

New estimand: the Sinkhorn treatment effect

1st- and 2nd- order influence functions for this new estimand

Debiased estimators/tests
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Extension to conditional distributional treatment effects

Rather than testing equality marginally, might want to test it conditionally:

Hcond
0 : PY (1) |X = PY (0) |X a.s.

Jain et al. (2026) test Hcond
0 using unconditional counterfactual mean embeddings.

ë Key insight: Under our identifiability conditions,

Hcond
0 ⇐⇒ PY (1),X = PY (0),X

︸ ︷︷ ︸
unconditional null

.

Same idea applies to Sinkhorn treatment effects:

1) Augment outcome: Y aug(a) = (Y (a),X ).

2) Test Hcond
0 via Sinkhorn

(
P
Y aug(1)

,P
Y aug(0)

)
.
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Open question

Our theory focused on the case where the entropic regularization level ε is fixed.∗

What can be said if ε → 0 as n → ∞, or if ε = 0?

∗In the paper, we also showed how to data-adaptively select ε over a fixed grid via an aggregation procedure.
This drew inspiration from Schrab et al. (2023), which aggregated test statistics in MMD context.
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Open question

Our theory focused on the case where the entropic regularization level ε is fixed.

∗

What can be said if ε → 0 as n → ∞, or if ε = 0?
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Thank you!
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Optimal transport maps

Also expressible via (randomized) transport maps from control to treatment outcomes:

W 2
2 (P1 , P0 ) = minimize

T
E
[
∥T (Y0) − Y0 ∥22

]
subject to T (Y0)

d
= Y1 .
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What’s special about the null?

S = Sinkhorn ◦µ, with counterfactual mean embedding µ(P) =
(
KME(P1), KME(P0)

)
.

Second-order chain rule for S̈P (along a score s):

D2SP(s, s) = D2 Sinkhornµ(P)

(
DµP(s), DµP(s)

)

︸ ︷︷ ︸
harmless

+ D Sinkhornµ(P)

(
D2µP (s, s)

)

︸ ︷︷ ︸
problematic

.
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(
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+ D Sinkhornµ(P)

(
D2µP (s, s)

)︸ ︷︷ ︸
problematic

.

� D2µP (causal curvature) usually has no 2nd-order IF (Robins et al., 2008).
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Under H0 : P1 = P0 , Sinkhorn is minimized, so its first derivative vanishes:

D Sinkhornµ(P)( · ) = 0

=⇒ D Sinkhornµ(P)

(
D2µP(s, s)

)
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What’s special about the null?

S = Sinkhorn ◦µ, with counterfactual mean embedding µ(P) =
(
KME(P1), KME(P0)

)
.

Second-order chain rule for S̈P (along a score s):

D2SP(s, s) = D2 Sinkhornµ(P)

(
DµP(s), DµP(s)

)

︸ ︷︷ ︸
harmless

+ D Sinkhornµ(P)

(
D2µP (s, s)

)

︸ ︷︷ ︸
problematic

.

Under H0 : P1 = P0 , Sinkhorn is minimized, so its first derivative vanishes

Only the harmless term survives, so a 2nd-order influence function S̈P exists under H0 .
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Why the U-statistic dominates

Under H0 : P1 = P0 , our second-order estimator satisfies

Ŝone-step + 1
2UnS̈P̂ − S(P) = 1

2UnS̈P + empirical process + U-process + von Mises remainder .

Under conditions, U-statistic dominates; other three terms are each op(n
−1).
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Under conditions, U-statistic dominates; other three terms are each op(n
−1).

Lemma E.5 from the paper

Suppose H0 and

1) maxa MMD(P̂a,Pa) = Op(n
−r ) for some r > 1/4;

2) supy∈Y,a∈{0,1}
∫ ( P̂(a | x)

P(a | x) − 1
)(
P̂Y | a,x − PY | a,x

)
kP1(·, y) dPX (x) = op(n

−1/2).

Then,

empirical process = (Pn − P)

(
ṠP̂(·) +

∫
S̈P̂(z , ·) dP(z)

)
= op(n

−1).
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2UnS̈P + empirical process + U-process + von Mises remainder .

Under conditions, U-statistic dominates; other three terms are each op(n
−1).

Lemma E.6 from the paper

Suppose H0 and

∥(I − P)⊗2
S̈P̂ − S̈P∥L2(P⊗P)

p−→ 0.

Then, by Chebyshev’s inequality for U-statistics,

U-process = 1
2
Un

(
(I − P)⊗2

S̈P̂ − S̈P

)
= op(n

−1).
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Why the U-statistic dominates

Under H0 : P1 = P0 , our second-order estimator satisfies

Ŝone-step + 1
2UnS̈P̂ − S(P) = 1

2UnS̈P + empirical process + U-process + von Mises remainder .

Under conditions, U-statistic dominates; other three terms are each op(n
−1).

Lemma E.8 from the paper ▷ stated with slightly simpler but stronger conditions

Suppose H0 and

1) maxa MMD(P̂a,Pa) = Op(n
−r ) for some r > 1/3;

2) maxa

∫ ( P(a | x)
P̂(a | x)

− 1
)(

PY | a,x − P̂Y | a,x
)(

υ(P̂1,P̂0)
a − υ(P1,P0)

a

)
dPX (x) = op(n

−1);

3) maxa

∫ ( P(a | x)
P̂(a | x)

− 1
)(

PY | a,x − P̂Y | a,x
)
KP̂1

[P̂1 − P̂0] dPX (x) = op(n
−1);

4) maxa,a′
∫∫ ( P(a | x)

P̂(a | x)
−1

)( P(a′ | x′)
P̂(a′ | x′)

−1
)[(

PY | a,x−P̂Y | a,x
)
⊗
(
PY | a′,x′−P̂Y | a′,x′

)]
kP̂1

dPX (x) dPX (x
′) = op(n

−1);

5) sups∈(0,1] ∥D
2Sinkhorn[P̂1 s , P̂0 s ] − D2Sinkhorn[P̂1 s , P̂1 s ]∥op/s = op(n

−1/3) with P̂a,s = (1 − s)Pa + s P̂a.

Then,

von Mises remainder = S(P̂) + (P − P̂)ṠP̂ + 1
2 (P − P̂)⊗2

S̈P̂ − S(P) = op(n
−1).
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